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METHOD OF SEPERATION OF VARIABLE:

In this method , we assume the dependent variable is the product of
two function, each of which involves only one of the independent
variable. The following example explains this method widely.



Example: Using the method of separation of variable,

Solve =224y , where u(x,0) = 6e

—-3X
0x oy '

Solution: The given partial differential equation is

ou ou
¢ a = 2 E + U (1)
 Let the required solution of equation (1) is of the form
* u(x,y) = X(x).Y(y) (2)

 where X is the function of x only and Y is the function of y only.

* Differentiating both side of (2) w.r.t. xand y, we get

. Royyx |, L= xy
0x



Putting the value of u , g—z , and g—;‘ in equation (1), we get
YX' = 2XY' + XY
Or (X'—X)Y = 2XY’
Separating the variable,
&-x) _ v _ k, where k is constant.
2X Y
1 ;o _Yr
Or E(X —X) =5 = k
1, B
Or E(X -X) =k (3)
And Z=k (4)

Y



From (3), we have X'/X=2k+1

On integration, logX = (1+ 2k)x +logcy
Or X(x) = c;e(1t2k)x

And on integration (4), we have

Y(y) = c e’

Putting the value of X(x) and Y(y) in (1), we have
u(x’ y) — C18(1+2k)xczeky — C1C26(1+2k)x+ky
u(x’ y) — Ae(1+2k)x+ky(5)

where A = ¢4¢,
Using u(x,0) = 6e73% in(5) , we have
A=6, 1+42k=-3 =k=-2

Therefore , the required solution is

u(x,y) = 6e~3¥+2y)



One Dimensional wave Equation :

* This is the partial differential equation giving transverse vibrations of the string.

* One Dimensional Heat flow equation is given by

2 2
© SE = (1)
e where %= %,where T denote the tension and be the mass per unit length of
string.
* Solution of waveEquation:
e Let y =XT (2)

 be a solution of the given wave equation where X is function of x only and T is
function of t only.

o az_y — I az_y _ 11
Then——> = XT" and -5 =TX



e Substitute in the given equation, we have
o XT" =c*TX"

. OrX7 -~ = k(say)(3)

c2 T

« = Left hand side of (2) is a function of x only and right hand
side is a function of t alone. Since x and t are independent
variable so above equation hold good if each side is equal to a
constant k. So

X"—kX=0and T" —=c*kT =0
* Solving above we have



» CASEI: If k is positivei.e. Kk = p?
* Fromequation (3), X" —p?X =0

* A.Eisgivenby, m* —p?=0=m = +p
e = X = c,eP* +c,e™P*

 And from equation (3), T"' — ¢*p*T = 0

e A.Eisgivenby, m* —p?c*=0=m = +pc
. = T = c3eP* + ¢ e Pt

so y=XT = (c;eP* + c,e P*)(c3e°Pt + c e~ CPY)

(a)



Case 2:ifkiszero i.e. k=0

Let From equation (2) , X"=0
on integration — X = (b +byx)
From equation (3), T" = 0

on integration = T = (b3+bst)

(b)



 Case 3:if kis negative i.e. k = —p?*

* From equation (2), we have

e X' & pZX = ()

* A.Eisgivenby, m? + p? =0 = m = +pi
— X = C5COSpx + cgSinpx

e And T" 4+ c?p*T = 0

e A.Eisgivenby, m*+p?c? =0 = m = +pci

¢ = I = c; coscpt + cg Ssin cpt
* =y =XT = (cscospx + cgsinpx)(c; cos cpt + cg sin cpt)



So all possible Solution are
"y = (c1eP* + e P*) (c3e Pt + ¢, e CPY)
y = (b +byx)(b3+Db3t)
y = (cgcospx + cgsinpx)(c; cos cpt + cg sin cpt )
Out of these three solution we have to choose that solution which is consistent

with physical nature of the problem. As we are dealing with problem on vibration,
vy must be periodic function of x and t. Hence there solution must involve

trigonometry terms.
Therefore solution of wave equation is given by
y = (cscospx + cgsinpx)(c, cos cpt + cg sin cpt)
is the only suitable solution of the wave equation.



Example: A tightly stretched string with fixed ends points x = 0 and x = lis initially

in a position given by y = y,sin> (nTx) if is released from rest find the displacement

y(x,t).

Solution:  The equation of string is

o%y _ 20%

9tz ¢ ox? (1)
The boundary conditions are

y(o,t) =0 (2)
y(l,t) =0 (3)

The initial conditions are

y(x,0) = yosin®* (T)  (#)

(56)2o =© s



* Since vibration of the string is periodic. Therefore solution of
equation (1) is
y = (cycospx + cysinpx)(c3 cos cpt + ¢4 sin cpt)
Now using the condition (2) , we have
y(o,t) = c{(c3 coscpt + c,sincpt) = 0
for this to be true all time, ¢; = 0
So y = C,sinpx(c3 cos cpt + ¢4 sin cpt)
Now using condition (3), we have
y(l,t) = c,sinpl(cz cos cpt + ¢, sincpt = 0

This gives pl=nm or p = nTn



* Thus

nix

* VY =y sinT(c3 COS

®* = —=¢, sin—(—c¢;sin

dy NnTx

ot l

cnrtt

cnrtt cnitt nrc

—+ quSirl

cnttt

+ €, COS
l l

using condition (5) in above , we have

dy . NITX nrc
— = Cy SiIn— | Cy—
ot t=0 [ [

. nmnx
SO y = CyC5 SIn ——Cos

cnrtt

=0

. Nnimx
= b,, Sin—— CO0S
l

cnrt
l

l

)



Adding all such solution , the general solution of given wave equation Is

y(x,t) = ).7—1 by, sin n—7lTx COS Cnlnt

Now again using condition (4), we have

. 3 (X woo . NmX
YoSin (T) = Jin=1bn Sin—=

Now calculating the values of b4, b,, .....
We have the solution of given equation.



One Dimensional Heat Equation :

* One Dimensional Heat flow equation is given by

, Ou_ 0%
ot C ox2 ) (1)
e where c¢¢ = e is called diffusivity of the substance.
* Solution of Heat Equation:
e Let u=XrT....... (2)

 be asolution of the given heat equation where X is function of x
only and T is function of t only.

ou / d%u . 7
Then E_XT and 2 = TX



* Substitute in the given equation, we have
o XT' =c*TX"
XII 1 TI
Or—=—5—= k(say) (3)
» = Left hand side of (2) is a function of x only and right
hand side is a function of t alone. Since x and t are
independent variable so above equation hold good if

each side is equal to a constant k. So
X"—kX=0and T —c?kT =0
* Solving above we have




CASE I: If k is positive

Let k = p?

From equation (3), X" —p?X =0

X = cieP* + cre™P*

And from equation (3), T’ — ¢*p“T = 0

2 an2
T = cae Pt

2002
= u=XT =ceP* + c,e ™ P*)ce Pt (a)



Case 2:if k is zero

Let k=0

From equation (2) X" =0

= X = (by +b,x)

Fromequation(3) T = 0 = T = by
u = XT = (b +b,x)bs (b)



Case 3: if k is negative

Let k = —p?

From equation (2) , we have
X" +p°X=0

X = cqicospx + c,Ssinpx
And T'+ c*p*T = 0
T = cae ¢ Kt

. 2002
= u = XT = (¢ cospx + c,sinpx)cye ¢ Pt



So all possible Solution are

u=XT = (cicospx+ czsinpx)c3e‘czp2t
u = XT = (bl +b2X)b3
u=XT =cieP* + e P¥)czec Pt

Out of these three solution we have to choose that solution which is consistent
with physical nature of the problem. As we are dealing with problem on heat
conduction, it must be a transient solution . i.e. u is to decrease with increase of
time t.

Therefore solution of heat equation is given by

u(x,t) = (cicospx + Czsinpx)cg,e_czpzt

_C2p2t

u(x,t) = (Acospx + Bsinpx)e
where A=c;¢c, and B=c,c3



Two Dimensional Heat Equation :

* This is the partial differential equation giving
temperature distribution of the plane in transient state.

 Two Dimensional Heat flow equation is given by

L ou (azu 62u)
ar - ¢ G T 0y?2 (1)

k. e
» where % = —,is called diffusivity of the substance.

pPS
.. . 0
* |n steady state, u is independent of time, so that a—l: = (
and above gives the Laplace equation in two dimensions
o 0°u  0%u _
.C. 322 | ayz —




Laplace Equation in two dimensional is
0°u . 0*u 5
0x2  0y?

Solution of Laplace Equation:

Let u= XY(1)

be a solution of the given Laplace equation where X is
function of x only and Yis function of yonly.

2 2
Then a—quX” and a—u—XY"

0x2 oYz
Substitute in the given equation, we have

YX" = —XY"



XII YII
* Or — === k(say) (2)

e = Left hand side of (2) is a function of x only and
right hand side is a function of y alone. Since x and y
are independent variable so above equation hold
good if each side is equal to a constant k. So

X" —kX =0 and Y'"+ kT =0
* Solving above we have



e CASE l: If kis positivei.e. k = p?

* From equation (3), X" —p?X =0

* A.Eisgivenby, m*? —p* =0=m = +p

c = X = cieP* +c,e™P*

* And from equation (3),Y" + p?Y = 0

» A.Eisgivenby, m? +p* =0 = m = +pi

o = Y= Cc3 COSPYy + C4 SInpy
so u=XY = (cie?* + c,e ™ P*)(c3cospy + c, sinpy)




* Case 2:if kis negative i.e. k = —p?*

* From equation (2), we have

« X" +p*X =0

* A.Eisgivenby, m? + p* =0 = m = +pi
— X = C5COSpX + cgSinpx

* And Y'+p?Y =0

* A.Eisgivenby, m?—p*=0=>m = +p
¢ = Y = c,ePY + cge™PY

* = u=JXY = (cscospx + cgsinpx)(c,ePY + cge™PY)



Case 3:ifkiszero i.e. k =0

Let From equation (2) X' =0
— X = Cg + C1gX

From equation(3) Y'= 0
= Y =Cqy1 +C1rYy

u= XY = (cogtcyox)(c11+C12Y)



So all possible Solution are

u=XY = (c,e? + c,e™P*)(c3cos py + ¢4 sin py)
u = XY = (cscospx + cgsinpx)(c,ePY + cge™PY)
u= XY = (cgtci9x)(c11+¢12Y)

Out of these three solution we have to choose that solution
which is consistent with given boundary condition of the
problem.



Example: Solve the Laplace equation subjected to the condition
nimx

u(0,y) =0, u(l,y) =0, u(x,0) =0 and u(x,x) = sinT

Solution.The Laplace equation is

0%u = 0%u

052 "oy O 1)
The boundary conditions are
u(0,y) =0 (2)
u(l,y) =0 (3)
u(x,0) =0 (4)

u(x, <) = sin@ (5)



Now all three possible Solution are

u=XY = (cie?* + c,e P*)(c3cos py + c, sinpy)

u = XY = (cscospx + cgsinpx)(c,ePY + cge™PY)

u= XY = (cotci0x)(c11+C12Y)

Now we have to solve Laplace equation satisfying the boundary conditions.
Now using the boundary condition (2) and (3) we have

c,+c, =0 and ¢ ePt + c e Pt

On solving these , we get ¢; = ¢, = 0 which lead to trivial solution.

Similarly using condition (2) and (3) last solution of Laplace Equation gives
trival solution.




Therefore suitable solution for the present problem is
u = (cscospx + cgsinpx)(c,ePY + cge™PY)  (6)
Now using the condition (2) in (6) , we have
cc(crePY + cge™PY) =0
for this to be true all time, ¢ = 0
So u= cgsinpx(c,e?” + cge™PY)
Now using condition (3), we have
cesinpl(c,ePY + cge™PY) =0
nrt

Thisgivespl =nm or p = -

where n=0,1,2..



* SO

. N1 . N1
nitx sm—y —sm—y)

* U = Cq sinT(c7e I + cge l

Using condition (4) in above , we have
C7+C8:O — (7= —(Cg

sin—2. — sin=2
* So U= (CeC,  nux(e I —e L)
l
. NIy . MY
. . Nmnx SIN—— — SIN——
. —bnsmT(e I —e L)



* Now again using condition (5), we have

. Nt . Nt

. X . NnNmx S1N—— — S1N———

* Sin (T) = bnsmT(e I —e L)
sin—nnC>c — sin—nnOC
*sob,=1/(e” | —e L)

Putting the value in above , we have required
solution.
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