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• Linear Differential Equation : 
• A differential equation of the form

•
𝑑𝑦

𝑑𝑥
+ 𝑃𝑦 = 𝑄 (1)

• where P and Q are functions of x alone, is called a liner differential equation of first 
order and first degree. To solve such type of differential equation, we multiply both 
side with 𝑒 𝑃𝑑𝑥, known as integrating factor, then equation (1)  becomes

• 𝑒 𝑃𝑑𝑥
𝑑𝑦

𝑑𝑥
+ 𝑃𝑦𝑒 𝑃𝑑𝑥 = 𝑄𝑒 𝑃𝑑𝑥

• Or                                         
𝑑

𝑑𝑥
𝑦𝑒 𝑃𝑑𝑥 = 𝑄𝑒 𝑃𝑑𝑥

• On integrating both side , we get

• 𝑦𝑒 𝑃𝑑𝑥 = 𝑄𝑒 𝑃𝑑𝑥 + 𝑐,                                           (2)
• where c is constant  of integration. The equation (2) is required solution of linear 

differential equation (1).
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• Remark: Sometimes the equation becomes linear if 
we take x as dependent variable  and y as 

independent variable . It is of the form 
𝑑𝑦

𝑑𝑥
+ 𝑃1𝑦 =

𝑄1, where 𝑃1 and 𝑄1 are function is y alone. The 

integration factor in this case will be 𝑒 𝑃1𝑑𝑦 and 
solution is given by 𝑦𝑒 𝑃1𝑑𝑦 = 𝑄𝑒 𝑃𝑑𝑥 + 𝑐1, 
where 𝑐1 is constant of integration. 
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• Example 1: Solve  
𝑑𝑦

𝑑𝑥
−

1

𝑥
𝑦 = 2𝑥3 + 3𝑥 + 4

• Solution: Here, the given  equation is linear differential equation. Now  comparing with 
standard form 

𝑑𝑦

𝑑𝑥
+ 𝑃𝑦 = 𝑄, we have 𝑃 =

1

𝑥
,  𝑄 = 2𝑥3 + 3𝑥 + 4.

• Now integrating factor is 

• 𝑒− 
1

𝑥
𝑑𝑥 = 𝑒−𝑙𝑜𝑔𝑥 = 𝑒−𝑙𝑜𝑔𝑥

−1
= 𝑥−1 =

1

𝑥

• Therefore solution is 

• 𝑦
1

𝑥
= 2𝑥3) + 3𝑥 + 4)

1

𝑥
𝑑𝑥 + 𝑐

•
𝑦

𝑥
=  2𝑥2 + 3 +

4

𝑥
𝑑𝑥 + 𝑐

• =
2𝑥3

3
+ 3𝑥 + 4𝑙𝑜𝑔𝑥 + 𝑐

• 0r                                          𝑦 =
2𝑥4

3
+ 3𝑥2 + 4𝑥𝑙𝑜𝑔𝑥 + 𝑐𝑥, which is required solution

Dr Sunil KumarSrivastava , JECRC



• Example 2:   Solve (1 + 𝑦2)2𝑑𝑥 = (tan−1 𝑦 − 𝑥)𝑑𝑦.
• Solution : the Given equation can be written as

•
𝑑𝑥

𝑑𝑦
+

𝑥

1+𝑦2
=

tan−1 𝑦

1+𝑦2

• Which is linear in x

• Now ,     integrating factor    =     𝑒


1

1+𝑦2
𝑑𝑦

= 𝑒tan
−1 𝑦

• Therefore solution is 

• 𝑥𝑒tan
−1 𝑦 = 𝑒tan

−1 𝑦 tan−1 𝑦

1+𝑦2
𝑑𝑦 + 𝑐

• Put                    𝑒tan
−1 𝑦 = 𝑡 ⇒

𝑑𝑦

1+𝑦2
= 𝑑𝑡

• ∴ 𝑥𝑒𝑡 =  𝑡𝑒𝑡𝑑𝑡 + 𝑐

• On integration , we get

• 𝑥𝑒𝑡 = 𝑡𝑒𝑡 − 𝑒𝑡 + 𝑐
• Or                                       𝑥 = 𝑡 − 1 + 𝑐𝑒−𝑡

• Or                                                𝑥 = tan−1 𝑦 − 1 + 𝑐𝑒− tan−1 𝑦, which is required solution.
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• Equation reducible to Linear form( Bernoulli’s Equation)
• The equation of the type

•
𝑑𝑦

𝑑𝑥
+ 𝑃𝑦 = 𝑄𝑦𝑛

• Where P and Q are functions of x alone (or constant) and n is a constant other than zero or unity, belongs to equation reducible form. 
This is also called Bernoulli’s Equation .

• To solve such type of differential equation, dividing by 𝑦𝑛, we get

• 𝑦−𝑛
𝑑𝑦

𝑑𝑥
+ 𝑃𝑦1−𝑛 = 𝑄

• Put       𝑦1−𝑛 = 𝑣,    on differentiating with respect to x, we get

• 1 − 𝑛 𝑦−𝑛
𝑑𝑦

𝑑𝑥
=

𝑑𝑣

𝑑𝑥

• Or                                                𝑦−𝑛
𝑑𝑦

𝑑𝑥
=

1

1−𝑛

𝑑𝑣

𝑑𝑥

• Therefore    ,                          
1

1−𝑛

𝑑𝑣

𝑑𝑥
+ 𝑃𝑣 = 𝑄

• Or                                  
𝑑𝑣

𝑑𝑥
+ 1 − 𝑛 𝑃𝑣 = 1 − 𝑛 𝑄

• This is a linear equation whose integrating factor is 𝑒(1−𝑛)  𝑃𝑑𝑥 . Therefore solution is 

• 𝑣𝑒(1−𝑛)  𝑃𝑑𝑥 = 1 − 𝑛 𝑄𝑒 1−𝑛  𝑃𝑑𝑥 𝑑𝑥 + 𝑐, where c is constant of  integration.

• Note: Do not forget to replace v by 𝑦−𝑛+1 while writing the final solution.
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• Example : Solve                    
𝑑𝑦

𝑑𝑥
=

1

𝑥𝑦(𝑥2𝑦2+1)

• Solution: The given equation can be written as

•
𝑑𝑥

𝑑𝑦
= 𝑥3𝑦3 + 𝑥𝑦

• Or                                              
𝑑𝑥

𝑑𝑦
− 𝑥𝑦 = 𝑥3𝑦3

• On dividing by 𝑥3, we get  

•
1

𝑥3
𝑑𝑥

𝑑𝑦
−

𝑦

𝑥2
= 𝑦2

• Put  −
1

𝑥2
= 𝑣 therefore  

2

𝑥3
𝑑𝑥

𝑑𝑦
=

𝑑𝑣

𝑑𝑦

• Then ,                 
1

2

𝑑𝑣

𝑑𝑦
+ 𝑣𝑦 = 𝑦3
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• ⇒
𝑑𝑣

𝑑𝑦
+ 2𝑣𝑦 = 2𝑦3, which is linear in v, therefore 

• Integrating factor = 𝑒 𝑃𝑑𝑥 = 𝑒 2𝑦𝑑𝑦 = 𝑒𝑦
2

• Therefore, solution is given by

• 𝑣𝑒𝑦
2
= 2𝑦3𝑒𝑦

2
𝑑𝑦 + 𝑐

• To solve , put 𝑦2 = 𝑡 ⇒ 2𝑦𝑑𝑦 = 𝑑𝑡

• ⇒ 𝑣𝑒𝑦
2
= 𝑡 − 1 𝑒𝑡 + 𝑐

• ⇒ 𝑣𝑒𝑦
2
= 𝑦2 − 1 𝑒𝑦

2
+ 𝑐

• Therefore,   −
1

𝑥2
= 𝑦2 − 1 + 𝑐𝑒−𝑦

2
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• Exact Differential Equation:
• An exact differential equation can always be derived directly from its general solution by 

differentiating without any subsequent multiplication, elimination, etc.
• Thus ordinary differential equation of the form
• 𝑀𝑑𝑥 + 𝑁𝑑𝑦 = 0 (1)
• where M and N are functions of x and y , will be exact, if 

•
𝜕𝑀

𝜕𝑦
=

𝜕𝑁

𝜕𝑥
(2)

• Where total differential of  𝑓 can be expressed as  
• 𝑑𝑓(𝑥, 𝑦)= 𝑀𝑑𝑥 + 𝑁𝑑𝑦

• i.e.                                              
𝜕𝑓

𝜕𝑥
𝑑𝑥 +

𝜕𝑓

𝜕𝑦
= 𝑀𝑑𝑥 + 𝑁𝑑𝑦

• The equation (2) is called the condition of exactness of the differential equation (1)
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Method of solving:
• Method1:
• Compare the given equation with 𝑀𝑑𝑥 + 𝑁𝑑𝑦 = 0 and find 𝑀 and N.

• Compute 
𝜕𝑀

𝜕𝑦
and  

𝜕𝑁

𝜕𝑥
and check the condition of exactness.

• Integrate 𝑀(𝑥, 𝑦) with respect to x keeping y as constant and integrate those term of 𝑁(𝑥, 𝑦) with respect to y 
which do not contain 𝑥.

• Write solution as     𝑦=𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡𝑀𝑑𝑥 + 𝑜𝑛𝑙𝑦) 𝑡ℎ𝑜𝑠𝑒 𝑡𝑒𝑟𝑛 𝑜𝑓 𝑁,𝑤ℎ𝑖𝑐ℎ 𝑛𝑜𝑡 𝑐𝑜𝑛𝑡𝑎𝑖𝑛 𝑥)𝑑𝑦 = 𝑐

• Method 2:
• Compare the given equation with 𝑀𝑑𝑥 + 𝑁𝑑𝑦 = 0 and find M and N.

• Compute 
𝜕𝑀

𝜕𝑦
and  

𝜕𝑁

𝜕𝑥
and check the condition of exactness.

• Let 𝑢 =  𝑀𝑑𝑥, then find
𝜕𝑢

𝜕𝑦
and 𝑁 −

𝜕𝑢

𝜕𝑦
. 

• Write solution as  𝑢 +  𝑁 −
𝜕𝑢

𝜕𝑦
𝑑𝑦 = 𝑐

• i.e.               𝑀𝑑𝑥 +  𝑁 −
𝜕𝑢

𝜕𝑦
𝑑𝑦 = 𝑐
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• Example: Solve  1 + 𝑒 Τ𝑥 𝑦 𝑑𝑥 + 𝑒 Τ𝑥 𝑦 1 − Τ𝑥 𝑦 𝑑𝑦.
• Solution: Comparing the given equation with   𝑀𝑑𝑥 + 𝑁𝑑𝑦 = 0, we have 

• 𝑀 = 1 + 𝑒 Τ𝑥 𝑦 ⟹
𝜕𝑀

𝜕𝑦
= −

𝑥

𝑦2
𝑒 Τ𝑥 𝑦

• and    𝑁 = 𝑒 Τ𝑥 𝑦 1 − Τ𝑥 𝑦 ⟹
𝜕𝑁

𝜕𝑥
= 𝑒 Τ𝑥 𝑦 −

1

𝑦
+ 𝑒 Τ𝑥 𝑦.

1

𝑦
1 − Τ𝑥 𝑦 = −

𝑥

𝑦2
𝑒 Τ𝑥 𝑦

• Here,  we have          
𝜕𝑀

𝜕𝑦
=

𝜕𝑁

𝜕𝑥

• so the given equation is exact.

• Now               𝑢 = 𝑀𝑑𝑥 =  1 + 𝑒 Τ𝑥 𝑦 𝑑𝑥 = 𝑥 + 𝑦𝑒 Τ𝑥 𝑦

• So                 
𝜕𝑢

𝜕𝑦
= 𝑒 Τ𝑥 𝑦 − 𝑦.

𝑥

𝑦2
𝑒 Τ𝑥 𝑦 = 𝑒 Τ𝑥 𝑦 1 − 𝑥/𝑦

• And              𝑁 −
𝜕𝑢

𝜕𝑦
= 0

• Hence , required solution is 𝑀𝑑𝑥 +  𝑁 −
𝜕𝑢

𝜕𝑦
𝑑𝑦 = 𝑐

• Or                  𝑥 + 𝑦𝑒 Τ𝑥 𝑦 + 0 = 𝑐

• i.e.                       𝑥 + 𝑦𝑒 Τ𝑥 𝑦 = 𝑐 where c is arbitrary constant.
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• Example: Solve  1 + 𝑒 Τ𝑥 𝑦 𝑑𝑥 + 𝑒 Τ𝑥 𝑦 1 − Τ𝑥 𝑦 𝑑𝑦.
• Solution: Comparing the given equation with   𝑀𝑑𝑥 + 𝑁𝑑𝑦 = 0, we have 

• 𝑀 = 1 + 𝑒 Τ𝑥 𝑦 ⟹
𝜕𝑀

𝜕𝑦
= −

𝑥

𝑦2
𝑒 Τ𝑥 𝑦

• and    𝑁 = 𝑒 Τ𝑥 𝑦 1 − Τ𝑥 𝑦 ⟹
𝜕𝑁

𝜕𝑥
= 𝑒 Τ𝑥 𝑦 −

1

𝑦
+ 𝑒 Τ𝑥 𝑦.

1

𝑦
1 − Τ𝑥 𝑦 = −

𝑥

𝑦2
𝑒 Τ𝑥 𝑦

• Here,  we have          
𝜕𝑀

𝜕𝑦
=

𝜕𝑁

𝜕𝑥

• so the given equation is exact.

• Now               𝑢 = 𝑀𝑑𝑥 =  1 + 𝑒 Τ𝑥 𝑦 𝑑𝑥 = 𝑥 + 𝑦𝑒 Τ𝑥 𝑦

• So                 
𝜕𝑢

𝜕𝑦
= 𝑒 Τ𝑥 𝑦 − 𝑦.

𝑥

𝑦2
𝑒 Τ𝑥 𝑦 = 𝑒 Τ𝑥 𝑦 1 − 𝑥/𝑦

• And              𝑁 −
𝜕𝑢

𝜕𝑦
= 0

• Hence , required solution is 𝑀𝑑𝑥 +  𝑁 −
𝜕𝑢

𝜕𝑦
𝑑𝑦 = 𝑐

• Or                  𝑥 + 𝑦𝑒 Τ𝑥 𝑦 + 0 = 𝑐

• i.e.                       𝑥 + 𝑦𝑒 Τ𝑥 𝑦 = 𝑐 where c is arbitrary constant.
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• Example: Solve  𝑦 1 + 1/𝑥 + cos 𝑦 𝑑𝑥 + 𝑥 + log 𝑥 − 𝑥𝑠𝑖𝑛 𝑦 𝑑𝑦.
• Solution: Comparing the given equation with   𝑀𝑑𝑥 + 𝑁𝑑𝑦 = 0, we have 

• 𝑀 = 𝑦 1 + 1/𝑥 + cos 𝑦 ⟹
𝜕𝑀

𝜕𝑦
= 1 +

1

𝑥
− sin 𝑦

• and    𝑁 = 𝑥 + log 𝑥 − 𝑥𝑠𝑖𝑛 𝑦 ⟹
𝜕𝑁

𝜕𝑥
= 1 +

1

𝑥
− sin 𝑦

• Here,  we have          
𝜕𝑀

𝜕𝑦
=

𝜕𝑁

𝜕𝑥

• so the given equation is exact.

• Now        𝑢 =  𝑦 + 𝑦/𝑥 + cos 𝑦 𝑑𝑥 = 𝑥𝑦 + 𝑦 log 𝑥 + 𝑥𝑐𝑜𝑠 𝑦 (treating y as constant)

• So           
𝜕𝑢

𝜕𝑦
= 𝑥 + log 𝑥 − 𝑥 sin 𝑦

• And              𝑁 −
𝜕𝑢

𝜕𝑦
= 𝑥 + log 𝑥 − 𝑥𝑠𝑖𝑛 𝑦 − 𝑥 + log 𝑥 − 𝑥𝑠𝑖𝑛 𝑦 = 0

• Hence , required solution is 𝑀𝑑𝑥 +  𝑁 −
𝜕𝑢

𝜕𝑦
𝑑𝑦 = 𝑐

• Or                  𝑥𝑦 + 𝑦 log 𝑥 + 𝑥𝑐𝑜𝑠 𝑦 + 0 = 𝑐
• i.e.                       𝑥𝑦 + 𝑦 log 𝑥 + 𝑥𝑐𝑜𝑠 𝑦 = 𝑐 where c is arbitrary constant
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•

• Equation reducible to Exact form: the differential equation which  is not exact can be made exact by 
multiplying it  a suitable function of x and y , known as integrating factor (I.F). we now explain the rule for 
finding the integrating factor.

• By inspection method: By rearranging the term of given differential equation or by dividing by a suitable 
function of x and y , the equation thus obtained will contain several parts integrable easily. Regarding this some 
list of exact differential should be useful:

• 𝑑 𝑥𝑦 = 𝑥 𝑑𝑦 + 𝑦 𝑑𝑥 (ii)         𝑑
𝑥

𝑦
=

𝑦𝑑𝑥−𝑥𝑑𝑦

𝑦2

• 𝑑
𝑦

𝑥
=

𝑥𝑑𝑦−𝑥𝑑𝑥

𝑥2
(iv) 

•

•

• If the differential equation 𝑀𝑑𝑥 + 𝑁𝑑𝑦 = 0 be homogeneous equation in x an y then  

• 𝐼. 𝐹 =
1

𝑀𝑥+𝑁𝑦
,  where 𝑀𝑥 + 𝑁𝑦 ≠ 0.

•
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• If the differential equation 𝑀𝑑𝑥 + 𝑁𝑑𝑦 = 0 is of the form
• 𝑓1 𝑥𝑦 𝑦 𝑑𝑥 + 𝑓2 𝑥𝑦 𝑥 𝑑𝑦 = 0 then  

• 𝐼. 𝐹 =
1

𝑀𝑥−𝑁𝑦
,  where 𝑀𝑥 − 𝑁𝑦 ≠ 0.

•

• If     
1

𝑁

𝜕𝑀

𝜕𝑦
−

𝜕𝑁

𝜕𝑥
= 𝑓(𝑥) only then 

• I.F= 𝑒 𝑓 𝑥 𝑑𝑥

• If     
1

𝑀

𝜕𝑁

𝜕𝑥
−

𝜕𝑀

𝜕𝑦
= 𝑓(𝑦) only then 

• I.F= 𝑒 𝑓 𝑦 𝑑𝑦

• If the differential equation 𝑀𝑑𝑥 + 𝑁𝑑𝑦 = 0 is of the form

• 𝑥𝑎𝑦𝑏 𝑚𝑦𝑑𝑥 + 𝑛𝑥𝑑𝑦 + 𝑥𝑐𝑦𝑑(𝑝𝑦𝑑𝑥 + 𝑞𝑥𝑑𝑦) = 0
• Where a  , b  ,c  , d,   m  , n  , p , q  are constants, 
• Then     I . F. = 𝑥ℎ𝑦𝑘 , 

• Where h  , k  are obtained by the condition of exactness.  i.e.      
𝜕𝑀

𝜕𝑦
=

𝜕𝑁

𝜕𝑥

Dr Sunil KumarSrivastava , JECRC



• Example:  Solve 𝒙𝒚 𝐬𝐢𝐧 𝒙𝒚 + 𝐜𝐨𝐬𝒙𝒚 𝒚𝒅𝒙 + 𝒙𝒚 𝐬𝐢𝐧 𝒙𝒚 − 𝐜𝐨𝐬𝒙𝒚 𝒙 𝒅𝒚 = 𝟎
• Solution:  The given differential equation is 
• 𝑥𝑦 sin 𝑥𝑦 + cos 𝑥𝑦 𝑦𝑑𝑥 + 𝑥𝑦 sin 𝑥𝑦 − cos 𝑥𝑦 𝑥 𝑑𝑦 = 0 (1)

• Here,  we have          
𝜕𝑀

𝜕𝑦
≠

𝜕𝑁

𝜕𝑥

• But (1) is a differential equation is of the form 𝑓1 𝑥𝑦 𝑦 𝑑𝑥 + 𝑓2 𝑥𝑦 𝑥 𝑑𝑦 = 0 then  

• 𝐼. 𝐹 =
1

𝑀𝑥−𝑁𝑦
,  where 𝑀𝑥 − 𝑁𝑦 ≠ 0.

• 𝐼. 𝐹 =
1

2𝑥𝑦 cos 𝑥𝑦
,  where 𝑀𝑥 − 𝑁𝑦 ≠ 0.

•

•

• On multiplying (1) by  𝐼. 𝐹 =
1

2𝑥𝑦 cos 𝑥𝑦
we have 

• 𝑡𝑎𝑛𝑥𝑦 𝑦𝑑𝑥 + 𝑥𝑑𝑦 +
𝑑𝑥

𝑥
−

𝑑𝑦

𝑦
= 0

• which must now be exact differential equation.
• therefore        𝑡𝑎𝑛𝑥𝑦 𝑑 𝑥𝑦 + 𝑑(log 𝑥) − 𝑑(log 𝑦) = 0
• integrating we have , log sec 𝑥𝑦 + log 𝑥 − 𝑙𝑜𝑔𝑦 = log 𝑐

• or     
𝑥

𝑦
sec 𝑥𝑦 = 𝑐 is required solution where c is a constant

• Example:  Solve  1 + 𝑥𝑦 𝑦 𝑑𝑥 + 1 − 𝑥𝑦 𝑥𝑑𝑦 = 0
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• Example: Solve  𝑥2𝑦 − 2𝑥𝑦2 𝑑𝑥 − (𝑥3 − 3𝑥2𝑦) 𝑑𝑦 = 0
• Solution: The given differential equation is 
• 𝑥2𝑦 − 2𝑥𝑦2 𝑑𝑥 − (𝑥3 − 3𝑥2𝑦) 𝑑𝑦 = 0 (1)
• Clearly (1) is a homogeneous differential equation. Now Comparing (1) with   𝑀𝑑𝑥 + 𝑁𝑑𝑦 = 0, we have 

• 𝑀 = 𝑥2𝑦 − 2𝑥𝑦2 ⟹
𝜕𝑀

𝜕𝑦
= 𝑥2 − 4𝑥𝑦

• and             𝑁 = −(𝑥3 − 3𝑥2𝑦) ⟹
𝜕𝑁

𝜕𝑥
= −(3𝑥2 − 6𝑥𝑦)

• Here,  we have          
𝜕𝑀

𝜕𝑦
≠

𝜕𝑁

𝜕𝑥

• so the given equation is  not exact.
• Clearly (1) is a homogeneous differential equation.
• Therefore    𝑀𝑥 + 𝑁𝑦 = 𝑥 𝑥2𝑦 − 2𝑥𝑦2 − 𝑦 𝑥3 − 3𝑥2𝑦 = 𝑥2𝑦2 ≠ 0

• So            I.F of (1)   =
1

𝑀𝑥+𝑁𝑦
=

1

𝑥2𝑦2
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• On multiplying (1) by  
1

𝑥2𝑦2
, we have 

•
1

𝑦
−

2

𝑥
𝑑𝑥 −

𝑥

𝑦2
−

3

𝑦
𝑑𝑦 = 0

• which must now be exact differential equation.

• Now        𝑢 = 𝑀𝑑𝑥 = 
1

𝑦
−

2

𝑥
𝑑𝑥 =

𝑥

𝑦
− 2 log 𝑥 (treating y as constant)

• So           
𝜕𝑢

𝜕𝑦
= −

𝑥

𝑦2

• And              𝑁 −
𝜕𝑢

𝜕𝑦
= −

𝑥

𝑦2
−

3

𝑦
−

𝑥

𝑦2
=

3

𝑦

• Hence , required solution is 𝑀𝑑𝑥 +  𝑁 −
𝜕𝑢

𝜕𝑦
𝑑𝑦 = 𝑐

• i.e.                 
𝑥

𝑦
− 2 log 𝑥 + 3 log 𝑦 = 𝑐 where c is arbitrary constant.
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• Example: Solve  𝑦2 + 2𝑥2𝑦 𝑑𝑥 + 2𝑥3 − 𝑥𝑦 𝑑𝑦.= 0
• Solution: The given equation can be written in the form
• (𝑦2𝑑𝑥 + 2𝑥3𝑑𝑦) + 𝑦 2𝑥2𝑦𝑑𝑥 − 𝑥𝑑𝑦 = 0 which is of the form

• 𝑥𝑎𝑦𝑏 𝑚𝑦𝑑𝑥 + 𝑛𝑥𝑑𝑦 + 𝑥𝑐𝑦𝑑(𝑝𝑦𝑑𝑥 + 𝑞𝑥𝑑𝑦) = 0
• Where a  , b  ,c  , d,   m  , n  , p , q  are constants, 
• so    I . F. = 𝑥ℎ𝑦𝑘 , now them multiplying the given equation by I.F. , we 

have

• 𝑥ℎ𝑦𝑘+2 + 2𝑥ℎ+2𝑦𝑘+1 𝑑𝑥 + 2𝑥ℎ+3𝑦𝑘 − 𝑥ℎ+1𝑦𝑘+1 𝑑𝑦.= 0

• Which can exact only when the condition of exactness 
𝜕𝑀

𝜕𝑦
=

𝜕𝑁

𝜕𝑥
is 

satisifed
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• ⟹
𝜕

𝜕𝑦
( 𝑥ℎ𝑦𝑘+2 + 2𝑥ℎ+2𝑦𝑘+1 =

𝜕

𝜕𝑥
2𝑥ℎ+3𝑦𝑘 − 𝑥ℎ+1𝑦𝑘+1

• ⟹ 𝑘 + 2 𝑥ℎ𝑦𝑘+1 + 2 𝑘 + 1 𝑥ℎ+2𝑦𝑘 = 2 ℎ + 3 𝑥ℎ+2𝑦𝑘 − (ℎ + 1)𝑥ℎ𝑦𝑘+1

•

• Now equating the coefficient of 𝑥ℎ𝑦𝑘+1 and 𝑥ℎ+2𝑦𝑘 , we have 
• 𝑘 + 2 = −(ℎ + 1) and      2 𝑘 + 1 = 2(ℎ + 3)

• .⟹ 𝑘 = −
1

2
& ℎ = −

5

2

• I.F =𝑥−
5

2𝑦−
1

2

• Now multiplying the given equation by this integrating Factor  I.F =𝑥−
5

2𝑦−
1

2 and 
applying the method we have the solution

• −
2

3
𝑥−

3

2𝑦−
3

2 + 4𝑥
1

2𝑦
1

2 = 𝑐
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• Example: Solve 𝑥𝑦3 + 𝑦 𝑑𝑥 + 2(𝑥2𝑦2 + 𝑥 + 𝑦4)𝑑𝑦 = 0
• Solution: The given differential equation is 
• 𝑥𝑦3 + 𝑦 𝑑𝑥 + 2 𝑥2𝑦2 + 𝑥 + 𝑦4 𝑑𝑦 = (1)

• Here,  we have          
𝜕𝑀

𝜕𝑦
≠

𝜕𝑁

𝜕𝑥

• so the given equation is  not exact.

• But  here    If     
1

𝑀

𝜕𝑁

𝜕𝑥
−

𝜕𝑀

𝜕𝑦
=

1

𝑦
= 𝑓(𝑦) only then 

• I.F= 𝑒 𝑓 𝑦 𝑑𝑦 = 𝑦
• On multiplying (1) by integrating factor  𝑦, we have 

• 𝑥𝑦4 + 𝑦2 𝑑𝑥 + 2 𝑥2𝑦3 + 𝑥𝑦 + 𝑦5 𝑑𝑦 = 0
• which must now be exact differential equation.

• solution is     𝑦=𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡𝑀𝑑𝑥 + 𝑜𝑛𝑙𝑦) 𝑡ℎ𝑜𝑠𝑒 𝑡𝑒𝑟𝑛 𝑜𝑓 𝑁,𝑤ℎ𝑖𝑐ℎ 𝑛𝑜𝑡 𝑐𝑜𝑛𝑡𝑎𝑖𝑛 𝑥)𝑑𝑦 = 𝑐

•  𝑥𝑦4 + 𝑦2 𝑑𝑥 + 2𝑦5 = 𝑐

• On integration , we have 
1

2
𝑥2𝑦4 + 𝑥𝑦2 +

1

3
𝑦6 = 𝑐

• which is required solution. 
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