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Partial differential equation:

A differential equation involving partial derivatives with respect

to more than one independent variable is called partial
differential equation.

We generally take x and y as independent variable and z is taken
as dependent variable , the we shall employ following notations:

0z 0z _622 B 0%z t_f)zz
P=0x 170y’ Tox2’° T axay’ 92
2 2 2
For example, 0z I aZ:kZ, U I U | 0 = =0 areform

dx 0y dx?

. | . dy? = 0z?
of the partial differential equation.



Order and Degree of a PDE

 The order of a partial differential equation iIs the order of the
highest order partial derivative involve in the equation and degree
IS the degree of highest order derivative occurring Iin the equation.
The above equation have order 1,2 and degree 1, 1 respectively.



Formation of partial differential equation:

* The partial differential equation are formed in two
way hamely:

* By elimination of arbitrary constant:
* By elimination of arbitrary functions:



(a) :By elimination of arbitrary constant

consider the relation

* f(x,y,z,a,b) = 0(1)

where X,y z are variable and a, b are arbitrary constant.

In order to eliminate the two constant a and b we differentiate (1)
partially w.r.t. x and y respectively,

0

0x 0z (2)
of . Of _

ay+qaz_0

Eliminating a and b from (1) and (2) we shall obtain the equation of the
form

F(x,y,z,a,b) = 0(3)
which is partial differential equation of first order.



Example:Form the partial differential equation by eliminating
arbitrary constant z = ax + by + ab

* Solution:Givenz = ax + by + ab (1)

* Differentiating (1) partially with respect x and y, we get
0z 0z
L.=—p=a and @—q—b (2)

e Putting the value of a and b from (2) in(1), we get

* Z=px+qy+pq,
* which is required partial differential equation.



Example: Form the partial differential equation by eliminating arbitrary
constant z=(x+a)(y+ b)

Solution: Givenz = (x + a)(y + b)(1)
* Differentiating (1) partially with respect x and y, we get

0z 0z
°£—p—(y+b) and @—q—(x+a) (2)
 Putting the value of aand b from (2) in(1), we get
* Z2=Dpq,

* which is required partial differential equation.



(b): Formation of p d .e. by elimination of arbitrary function

Let f(u,v) =0 (1)
Differentiating (1) partially with respect x and y, we get
. Of of ov\

au(ax_l_p )+6v( TP )_O (2)
* And
. of

au(ay_l_q )+6v(6y+q ) 0 (3)

of and of from 2 and 3 we get required

. Ellmlnatmg ™

p.d.e.



Example: Form the p.d.e. by elimination of arbitrary function z = f(x? + y?)

e Solution: we have here

* z=f(x*+y?%) (1)

* Differentiating (1) partially with respect x and y, we get
0 /

+ -=p=f"(x*+yH2x (2)

* and
0z / 2 2

* 5, = 4= (" +y)2y (3)

* Division of (2) and (3), gives

* ypt+xq =0

 which is required equation.



Example: Form the p.d.e. by elimination of arbitrary
f(x?—y%,z—xy) =0
e Solution: Given f(x*—y%z—xy) =0

e Letu = x* — y“and v = z — xYy, the above equation
can be written as

e f(u,v) =0 (1)
Differentiating (1) partially with respect x and y, we get

)+ L2 ) o

f(2x)+af( —y+q) =0 (2)



Solution Continue....

ov

and of from (2) and (3), we have

And
of of
6u(6y+q )+6v(6y
(Zy)+ ( x+q)=0
af
Ellmlnatlng ™
2x —y+p
=0
2y —x+4q
Or  xq—yp=x"—y°

which is required p.d.e.

ICIE

)=0

(3)



Linear differentiation equation of first order:

 Alinear partial differential equation of the form
* Pp+Qq=R (1)
* Where P, () and R are function of x, y, z. this equation is also called Lagrange’s

linear equation or Quasi — linear equation. The equation (1) is linear if P, Q, R are
independent of z.

e Method to solve:

* Write down the given partial differential equation in standard form Pp + Qq = R

 Form auxiliary equation ox &y _ &
P Q Q

* Solve the simultaneous equation find in (ii) and find its solution u(x,y,z) = a and
v(x,y,z) = b.

* Finally write the complete solution as f(u,v) = 0 oru = f(v) wherefis an
arbitrary function.



2
Example: Solve %p + xzq = y*

» Solution: The given equation can be written as
o y2zZp + x%zq = xXy*

* The Subsidiary equation Is given by

. Taking first and second fraction , we have
dx _ dy

2 42

e Or x%dx = y*dy



On integration, we have
x° —y® = (2)
Taking second and third fraction, we have

dx  dz

Z X

Or xdx = ydy

On integration, we have

xX° —y*=c, (3)

Therefore in view of (2) and (3) complete solution is given by
f(x3 —y3,x%—y?%) =0, where fis arbitrary function.



Example: Solve x*(y — z)p + y%(z — x)q = z*(x — y).

» Solution: The given equationis x*(y —z)p + y*(z — x)q = z?(x — y)

* Now comparing the given equation with standard form Pp + Qg = R, we have,
e P=x*(y—12z), Q=y%*(z—x) and R =1z*(x—Y)

 The Subsidiary equation is given by

. dx  dy  dz (1)

x2(y-z) y2(z-x)  z%(x-y)

011 1 o . .
. Taking '3 as multipliers, each fraction of (1) is, we have
| ciz_l_c:iyz_l_dzz

e eachfraction = n

. dz dz dz
c j.e. I | = (




On integration, we have

logx +logy +logz =logc; = xyz = ¢4

Aoai .1 1 1
gain using —,

2772 3 multipliers, each fraction in (1) is

l.e.

on integrating , we have

11,1
- +—-—+-= Cz
X vy Z
Therefore solution is given by

f (xyz,i + % + i) = 0 where fis an arbitrary function.



Type-1: f(p,q) = 0, the solution of this type of equation is given by z =
ax + by + ¢ where a and b are connected by relation f(a,b) = 0

* Example: Solve \/p +./q = 1.
* Solution: the given equation is of the type-1i.e. f(p,q) = 0.

e Therefore the complete solution is given by

* z=ax+by+c

* Where +Ja+Vvb=1=b=(1-+a)l/?

* Thus z=ax + (1 —+a)?y + ¢ is required solution.

* Example: Solve p* — g% = 1.

* Solution: The given equation is of the type-1i.e. f(p,q) = 0.
* Therefore the complete solution is given by

* z=ax+by+c

*  Where a’?—b?>*=1= b = (a*? —1)1/?

* Thus z =ax + (a* — 1)Y?y + ¢ is required solution.



Reducible form:

Example: solve x*p? + y*q* = z

2

Solution: the given equation can be written as

2 2
2 Q) 2 (Q) _ 2
x (ax Tty ay z

x 07\ % y 0z 2_
or Gs) +(G5) =1
Put X=1logx ,Y=1logy Z=1ogz then
dX =~ dx, dY=§dy, dz = ~dz

Z

Then Equation (1) take the form

X Py %

where

0Z 0Z
P:— = —
X ,Q aY

(az)z + (a_z)z = 1 which is of the type-1 .i.e. f(P,Q) =0

(1)



Therefore the complete solution is given by

Z=aX+bY +C

Where a’?+b*=1= b =(1-a?)'/?

Thus logz=alogx+blogy+logc

Or logz=cosalogx+sinalogy+ logc
Where a=cosa, b=(1-a*>)?=(1-cos?a)?=sina
Or log z = log x°°5% + log yS""® + log ¢

COS A ~,SIn «

Or Z=X y c is required solution.



Type-2:Equations of the form (z,p,q) = 0, i.e. the equations containing z, p and g only and x
and y do not occur in equation.

The equation of the form

f(p,q,z) = 0 (1)
Charpit auxiliary equation is
dp B dgq dz _dx  dp
of __of ~ of ot _ of __of _of _of
ox " Pz dy 197 pap qaq 0x dy
Which implies
dp  dq _
_a_f — _a_f_ ..........
P32 932

Taking (1) and (2) term we get
logqg =logp + loga
Which implies
q=paor p=dga



v dz = pdx + qdy
= pdx + pady = p(dx + ady

dz = pd(x + ay) = pdu where u=

__ dz
:p—d—x and

Putting the value of p and g in (1) we get

f(dz dz )_0
dx'adx'Z B

which 1s O.D.E of first order , solving above we get z as function of u.

Z = f(u) be the solution where u=x+ ay .

Dr. Sunil K Srivastava (Associate Professor, Deptt. of
Mathematics) , JECRC, JAIPUR

= g—
P dx

X+ay
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Example: Find a complete integral of I9(p?z+ q*) =4

Solution: The given equation is of the form f(p,q,z) = 0

Let u = x+ay where a being arbitrary constant.

Now replacing pand g by p = a2z , q = aLZZ the given equation becomes

On integration it gives

du du
ol2(£) + a2 (&) ] =4 or
(dd_lzl)z - 9(zj—a2) or

3
du = > (z + a*)1/?dz

u+b= (z+a?)3/?
(u+b)? = (z+a%)?

(x +ay + b)? = (z+a?)?

Dr. Sunil K Srivastava (Associate Professor, Deptt. of
Mathematics) , JECRC, JAIPUR
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Type-3: The equation of the form f;(x,p) = £, (v, p)

It is the equation in which the variable z does not appear and the terms containing p and x can be separate

To solve such equations we put each expression equal to an arbitrary constant a. Thus

f1(x,p) = a and f2(y,q) = a
For solving p and g we get

¢, (x,a) = p and ¢,(y,b) = q
Now we know

dz = pdx + qdy

On integration we get

J dz = [ pdx + [ qdy

Jdz = [, (x,a)dx + [ ¢,(y,b)dy + b



Example : Find the complete integral of p> + q> = x+y
Solution: The given partial differential equation can be written as
P’ —x =—q° +y

To solve we assume

p°—x =—q°+y=a

Therefore
p=+a+xandq=,y—a
Now

dz = pdx + q dy

dz=+va+x dx+ ,/y—a dy

Integrating both sides we get

3

3 3 3
7 = E(a+x)2+ E(y—a)2+ b

Which is the required complete integral

Dr. Sunil K Srivastava (Associate Professor, Deptt. of
Mathematics) , JECRC, JAIPUR



Example : Solve pq = xy.

Solution: The given P.D.E can be written as
P _ Y

X q
Which is the standard form Ill i.e f;(p,x) = f,(q,y)

To solve we assume

fi(p,x) = f,(q,y) =a
p

l.e. P_ Y —3
X q

Y
a

Now p = ax and q=
dz = p dx + q dy gives
dz = axdx+§ dy

Integrating both sides we get

aXZ 2

. y
z = - +2a+b

Which is the require complete integral

Dr. Sunil K Srivastava (Associate Professor, Deptt. of
Mathematics) , JECRC, JAIPUR




Type-4: if the differential equation is of the formz = px + qy + f(p, q) This type of

partial differential equation is known as Clairaut'sform.

A first order P.D.E is called a Clairaut’s Form

z=px+qy+f(pq)
The complete solution of this type of equation is obtained by replacing p by a
and g bybi.e.

z=ax+ by + f(a,b)



Find the complete integral of

T =px+qgy+p +qg .

Given —=px+gyv+p +qg .

This equation 1s of the torm =z =—px +qv +H(p.q).

Bv Clairaut’s tyvpe.put p=a . q =b.

Thereftore the complete integral 1s

Therefore the complete integral is z=ax+bv+a +b" .

Dr. Sunil K Srivastava (Associate Professor, Deptt. 28
of Mathematics) , JECRC, JAIPUR



Charpit’s method:

* Thisis general method of solving equation of first order but of any degree, linear
or non-linear with two independent variable.

 Let the give equation be

* f(y,z,pq) = 0(1)

* Since z is function of two independent variable x and y, therefore
* dz =pdx + qdy(2)

* If we can find another relation

* F(x,y,z,p,9) = 0(3)

 otherthan (1)in x,y,z p and g such that when the values of p and q could be
obtained by solving (1) and (3) and after putting the value of pand qin (2) it
becomes integrable. The integration of (2) will give complete solution of (1).



In order to find the relation (3), we differentiate partially (1) and (3) w.r.t. x and y,
we have

of af of op | 9f 94 _

dx p T op 0x | dq 0x (4)
L s

And a§ a]ch | gigi | gggfz: 0 (6)
e 222 "

Ellmlnatmg from (4) and (5), we get

(afaF aFaf)_I_(afaF 6F6f) I((3f6F aFaf)a —0 (8)
dxdp O0xOdp 0z dp 0z dp | dqg dqg Op dq Ix




And EI|m|nat|ng from (6) and (7), we get

(a_fa_F_a_Fa_f)_l_(afaF_aFaf) _I_(a_fa_F_aFaf)
dyodp 0y adq dz 0q dz dq p dpdq Opadq

Adding (8) and (9) and rearranging the term, we get

Get?a) ot Gt aa)at (Pa—13)at (C5)ant (Fa)5m =0 w

dq _ dp _ 0%z
ox dy - d0x0y }
This is a linear partial differential equation of first order with F as dependent variable and
x,y,Z,p,and q as independent variable. Therefore auxiliary equations are given by

op
3y = 0(9)

{ the last term cancel out as —

dp dq  dx _ dy dz dF 11
of oF — 9f, 9f — _9of _ _9f _ _ 9 __oF ¢ (11)
ox paz ady qaz ap aq pap qaq

Find the values of p and q from above equation (11) and putitin dz = pdx + qdy which on
integration gives the required solution of differential equation(1).



Example :Solve z = pq, using Chapit’s method.

» Solution: Here f(x,y,2z,p,9) =z—pq =0

ConU g U U 0
'ax_o oy 0, 62_1 p_ q’aq p

 Now Charpit’s subsidiary(auxiliary) equation are

dp _dq _dx _dy _ dz

p q q p  2pq

e or dp _dg _ dx _ dy dz
2z-2qy 0  x2—q 2xy-p  DX2-2pq+2qxy
d d
* from above we have ?p 761 so thatlogp = logqg + logc

. or p = qcC



putting p = qc in given equation we have q = \JE = p =+/cz
therefore putting the values of pand g in dz = pdx + qdy, we
have

—
dz =\/§dx+\lédy

—
or ~dz = cdx + dy

V Z
on integration, 2\Jcz =cx+y+d

which is required solution



Example :Solve pxy + pq + qy = yz, using Chapit’s method

* Solution: Here f(x,y,z,p,q9) =pxy +pq+qy —yz=10

. O _ of _ of _ _,9 _ of _
“ax PV ay_px-l_q’ 0z yap_xy_l_q'aq_y-l_p
* Now Charpit’s subsidiary(auxiliary) equation are
. dp _  dq _ dx _ dy _ dz
of of — of of — of — of — of Of
ox"Poz  ay"%z  Tap  Tag  “Par Taq
e Or @ _ dq . dx dy dz

0 pxtqtay  —Gyta)  —(0+y)  -pG+@)—a(@+y)
 fromabovewehave dp=0o0orp =a



y(z—ax)

putting p = a in given equation we have g =

a+y

therefore putting the valuesof pandqin dz = pdx + gdy, we have
dz = adx + 22~ 4y

aty

dz—adx a
or z—ax (1 a+y)dy
on integration, log(z —ax) = y —log(a + y) + logb

or y =log(z — ax) + log(a + y)* —logb

= (z—ax)(a+ y)* = beY

which is required solution
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