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# To fnd all the code words +

To ebtain equations for check bits

- The check bits can be obtained using e s dey
C = MP %

I the more general form we can use equatio
E‘QC']M = [y iy g ] [
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Using the same procedure as piv —
o \'egorq Table }1' E ¢ as given above, we can obtain the other code words o

- A ’ (= 19 € il o Bias
co . ISts .‘l” ll‘.(‘ code veclors ((‘(H’p \\-”“[L‘) Fable also lHate the
ight of each code word, | l also Hists the

we
[ | Message vector | Check bits (¢)|  cod
Sr. i by eq. 3.2.20 ode vector or code word Waelght of
No. — ﬁ-q[ . o, L )f code
. my My M3 Mg | G [ Cp [ Cy | my[my|mg|my| C | Ca| Cy| vector w(X)
___1— 0 0 0 0 0 0 0 0 0 0 0 0 0 n "
oo o v o[ [r]ojofo alof ] 5
0 I Y S N Y
b R T O O N L S T P datd
S T e T O Tt T O O -
B0l 304 1 | i [t 1 w0, 120 [iomls s 1t fici0: ol S =
7 0 1 1 0 0 1 1 0 1 1 0 0 1 | 4
S 1 i bl P ot e e, Sl Y 3
QIR0 | 0 O | 1 I T o ) (e N Y 4
ol e | o | 1 I [T L | kel oY S Y O 3
R 1 | o | o=l om 1 a0 | 18] O |00 et 0 3
e o I 30 17 o 0 S R R0 5 | e e 00| O | 1 4
T ] R T O T o N L (0) A6 3
14 | 1 1 0 1 0 1 0 |3 1 T b 0 1 0 4
IR s e o | 1% oo | o [l 3! gl o | 0 4
g o I 1 1 PR R | ) ] U U R 7

Table 3.2.2 Code vectors of Ex. 3.2.2

iii) Minimum distance between codevectors
_16 code vectors along with their weights. The

The Table 322 lists 2¢=2*%
smallest weight of any non-zero code vector is 3. We know that the minimum distance

18 d iy = 3. Therefore we can write :
The minimum distance of a linear block code is equal to the mintmum weight of any non

%ro code vector ie. %

e () g X # (0050

¥) Error detection and correction capabilities

Since dpin =3,
AL TS 1
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\‘\,‘\ql

\) N b )
o

Thus fvo arrors will be detected

el y - 5]

\= \('\: ‘:"\.‘\-“ . fi ] 1
3 1. ¥ |
3 & <t +4

R i ‘

hus one error will be correctad,

The hamming code (dyw =3 always two errors can be detected and single ey,

can be correctaed by s property,

3.2.3 Encoder of (7, 4) Hamming Code

Rig. 322 shows the encoder of (7, 4) Hamming code. This encoder is implemented
for gonerator mateix of the example 192 The lower register contains check big
G, Gy and Ca. These bty are obtained from the message bits by mod-2 additions,
These additions are performad according to equation (3.2.20). The mod-2 addition
oparation i nothing but exclusive-OR operation,

Message register

Wpat bit
squenes T My M, My

S
? Code words
‘ output
Ca CQ C’
Chack bits register

Fig. 3.2.2 Encode for (7, 4) hamming code or (7, 4) linear block code

The switeh 8§ I8 connected to message
transmitted. The switeh is then connected to
transmitted. This forms a block of 7 bits., The

3.2.4 Syndrome Decoding
In this section we will see 1)
\ )
the transmitted  code  vector b: thod to correct errors in linear block coding '

. ’ X' a : ;
NPWI\M b)’ Y".Thﬁﬂ We S wrrite, nd cﬂl’l‘@ﬂpondlhg received code vector b

register first and all message bits '
the check bit register and check bits
input bits are then taken for next block

me
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X = Y if there are no transmission errors
4 X # Y if there are errors created during transmission
i

The decoder de
mgdt’mdm' about the code. For larger block lengths, more and more bits are required

l(‘("g or C()rr(‘(‘l.‘\' ”1(),‘4(‘ errors In Y hy ”:,“nig fh(' qt‘)r(ud h”’ P!'“('rn in

mhﬂ‘“"‘"d in the decoder. This increases the memory requirement and adds to the
plcxity and cost of the system. To avoid these problems, syndrome decoding is

jsed 10 lincar block codes, This method is illustrated in the subsequent paragraphs.

we know that with every (n, k) linear block code, there exists a parity check
H) of size g x n. From equation (3.2.11) it is defined as,
o DB
'-i - [P ' Iq]q!”
The transpose of the above matrix can be obtained by interchanging the rows and

the columns, i.e.

matrix (

P

HT = . (OL.ZL)

L)

Here P is the submatrix of size kx q and I is the identity matrix of size 4x<g. We
have defined P submatrix in equation (3.2.12) earlier.
important property used in syndrome decoding
The transpose of parity check matrix (HT) has very important property as follows,
XHT = (00 0....0) .. (3223)

... (3.2249)

or | [H) s [HT]HW =0 0 0....01xg

This is true for all code vectors.

Explanation with example
- For example consider the parity check matrix and code vectors obtained in

| ®ample 322, The parity check matrix is given by equation (3.2.18). The transpose of
this matrix can be readily obtained as follows - poans

Y 149
110
101

f = (011

" 100 ... (3.2.25)
e 010
v lo01)
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4. . . . \
Table 3.2.2 lists all the code vectors for this parity check matrix. Consider t}. t

code vector in this table.

X =(0010101)
Now let’s apply the property of equation (3.2,23),

Hfrj

[ dpnd]
G O
gy
XHT = [0010101), , [0 1 1
100
01 0
(Ot Vi I3

Solving the above two matrices with the rules of mod-2 addition (Exclusive-OR
operation) we get,

XHT=(0®0®1EBO@‘IGBOGBO0@0@0@0@0@0@00@0@1@0@06—)0@0%1)
=0 0 0)

This proves the property. It can be proved for other code vectors also. Thus X
belongs to the valid code vector at the transmitter. At the receiver, the received code
vector is Y. Then we can write,

YHT =(00....0), if X =Y i.e. no errors or Y is valid code vector

YHT = Non-zero, if X #Y i.e. some errors.
Definition of syndrome (S)

When some errors are present in received vector Y, then it will not be from valid
code vectors and it will not satisfy the property of equation (3:2.23). This shows that
whenever YHT is non-zero, some errors are present in Y. The non-zero output of the
product YH” is called syndrome and it is used to detect the errors in Y. Syndrome i
represented by ‘S” and can be written as, -

S = YHT ')q6,
or [S]lxq i [Y]lxn [I‘IT]"”’

Detecting error with the help of syndrome and error vector (E)

The non-zero elements of ‘S’ represent error in the output. When a1

i ants
‘S’ are zero, the two cases are possible. eleme
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i) No error in the output and Y = X

ii) Y is some other valid code vector other than X. This means the transmission
errors are undetectable.

Lets consider on n-bit error vector E. Let this vector represent the position of
{ransmission errors in Y. For example consider,

. A0 0 i I Y be a transmitted vector

-
and Y=(10011 bea received vector
e o=
Then E=@0o010 1) represents the error vector

The non-zero entries represent errors in p &
Using the mod-2 addition rules we can write,
Y= X8 E ... (3.2.28)
- (10 060 1®1 10 081
Bit by bit mod-2 addition
= (10011
or we can write,
X =Y ®E ... (3229)
_ Q@0 000081 100 101 '
= @05 "1t 10)
Relationship between syndrome vector (S) and error vector (E)
From equation (3.2.26) we know that syndrome vector is given as,
5 = YH'
Putting the value of Y=X ®E. From equation (3.2.28) above
s = (X®FpHT
= XHT @ EHT

From the PrOPeftY of equation (3.2.23) we know that XHT =0, then above

equation will be,
§ = EHT .. (32.30)
This relation shows that syndrome depends upon the error pattern only. It does not depend
upon @ particula” message. Syndrome vector ‘S’ is of size 1x 4. Thus ¢ bits of syndrome

can only represent 29 syndrome vectors. Each syndrome vector corresponds to a
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1. Linearity and 2. Cydic property

3321 Lineanty Property

This property states that sum of any two codewords is also a valid codeworg For
example let X; and X, are two codewords. Then,
Xg = X; @X:

Here X is also a valid codeword. This property shows that cyclic code is alg ,
linear code.

3322 Cyclic Property

very cydlic shift of the valid code vector produces another valid codevector |

Because of this property, the name ‘cyclic’ is given. Consider an n-bit codevector a5
shown below :

X = poa,Xa2,-nee ,X1,X0} - (3.3.)

Here x. ;,%.>,...,X1,%p etc. represent individual bits of the codevector 'X'. Let us
shift the above codevector cydlically to left side. i.e.,

One cydic shift of X gives, X' =(xs-2 L (s P A . (332

Here observe that every bit is shifted to left by one position. Previously x,., was
MSB but after left cydlic shift it is at LSB position. Here the new code vector is X' and’
it is valid codevector. One more cyclic shift yields another codevector X". ie,,

X" = (x,,-3,x,,_4,....,x1,xg,x,,_1,x,,_2) (

(OS]
(F% ]

o
—

Here observe that 1, 5 is now at MSB position and x,_» is at LSB position.

3.3.3 Representation of Codewords by a Polynomial
The codewords can be represented by a polynomial.
For example, consider the n-bit codeword,

X = (Taa. X2, X1, Xg)
This codeword can be represented by a polynomial of degree less than or equal 0

(n—-1) ie,

X(P) = Xpg p" 4252 P +...+X1p +Xp (3-3’1)
Here X(p) is the polynomial of degree (n =
p is the arbitrary variable of the polynomial.
The power of 'p’ represent the positions of the code word bits. i.c.
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A —
P 1 roprcsunls MSB

p’ represents LSB
pl represents second bit from LSB side.
Why to represent codewords by a polynomial ?

Polynomial representation is used due to following reasons :

i) These are algebraic codes. Hence algebraic operations such as addition,
multiplication, division, subtraction etc. becomes very simple.

i) Positions of the bits are represented with the help of powers of p in a
polynomial.

3.3.4 Generation of Codevectors in Nonsystematic Form

Let M={myx1,mk,...m,my} be 'k' bits of message vector. Then it can be
represented by the polynomial as,

M (p) — r”k—] pk—l 4 mk._z pk—Z e ml p + my ves (3‘3-5)
Let X (p) represent the codeword polynomial. It is given as,
Xy M) S(p) .. (33.6)

Here G(p) is the gencrating polynomial of degree 'q. For an (n,k) cyclic code,
g=n- k represent the number of parity bits. The generating polynomial is given as,

G(p) = pT+8g1p" o tgip+l 43 3.7)
Here g4-1, §4-2/ ----81 are the parity bits.

If M;,M,,M3 ... etc are the other message vectors, then the corresponding
codevectors can be calculated as,

Xi(p) = M (P)G(P)
X2 (p) = Mz2(p) G(P)
X5 (p) = Ma(p)G(p) and soon .. (338)

All the above codevectors Xy,X2,X3 ... are in nonsystematic form and they satisfy
cyclic property. Note the generator polynomial G(p) remains the same for all
codevectors.

 camplh 331 The generator polynomial of a (7, 4) cyclic code is G(p) =p3 +p+1.
"> F,'(ad aF;I the code vectors for the code in nonsystematic form.
in :

Solution : Here 1= 7and k=4 therefore g =n-k =3,

There will be total 2% =2* =16 message vectors of 7 bits each. Consider any

S
message vector as
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M = (m3 mzm mp)=(0101)

Then the message polynomial will be (k=4 in equation (3.3.5)),

M(p) = ms3 p3 +my p* +mp + o

M(p) = p?+1
And given generator polynomial is,
G(p) = p3 +p+1

To obtain non-systematic code vectors

The non systematic cyclic code is given by equation (3.3.6) as,

X(p) = M(p) G(p)

= (p2 +1) (p® +p+1)
= pP+p3+p2+pd +p+1

= pS+p3+pd +p2+p+1

= pS+(lol)p3+p2 +p+1

= pP+pr+p+1

(since (1® 1)p3 =0p3 =0)

= Op®+p> +0p* +0p3 +p2 +p+1

Note that the degree of above polynomial is n-1=6. The code vecto

corresponding to above polynomial is,

X = (I6 X5 X4 X3 X2 X 1'0)

=(0100111)

This is the code vector for message vector 0101. This code vector is non S}'stenmhc
cyclic code vector. Similarly other code vectors can be obtained using the same
procedure. Table 3.3.1 lists the codevectors in nonsystematic form.

Nonsystematic code vectors

X'= Xg X5 X4 X3 X X1 Xp

0
0

0

0O0000O0OO0O
000 0101 1
00 4i140,51 .0

Ok Qlidgdnd -0 1

—_

Sr. Message bits
No. | M =m; m, my m,
1 0

2 0

3 0

4 0

o 0

6 0

0c1 021 1150 O

9o 0111
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7 0O 1 10 0111010
8 o 1 1 1 0110001
9 10 0 O 1011000
10 10 0 1 ean10100 11
11 1 0 10 1001110
12 ™0 -1 -1 100010 1
13 20 0 0 1110100
14 =0 1111111
15 y [ e IO 119 9.0 190
16 il [ [y T 6 120,01

Table 3.3.1 Code vectors of a (7, 4) cyclic code for G(p) = p’ + p+ 1
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KB ) Gen;ra/t%on of Codevectors in Systematic Form

Now let us study systematic cyclic codes. The systematic form of the block code is,

X = (k message bits : (n-k) check bits) « (33.11)
= (mk_l Mk_2 oo MY M iCG=1 Cq-2 ++nCY C0) ~« (33.12)
Here the check bits form a polynomial as, |
C(p) = con P17t #cqa p2 Hiicr p o w (313
The check bit polynomial is obtained by,
1 M(p) 33
C(p) = rem [LT(T'(')—" - (3314)
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Thus the re
merefore equat

p? 4040 « Quotient

pd 4 0p2 4 p o 15,‘;?",;’(,,,:{ P2 +0p2 +0p +0
pS 4 0pt 4 p? 4 p2
o S s O
s e it OO

0 +0 +0 +p?2+0p+0
Nty !

Mod-2

addition

Remainder

mainder polynomial is p2 +0p +0 in the division of p? M(p) by G(p)
jon (3.3.14) can be written as,

p3 M(p)
m | ——
A { -

Clp) =

}=p2+0p+0

With g =3 the polynomial C(p) from equation 3.3.13 is,

Thus cap?® +

C(p) = cap? +c1p +Co

ap+co = p2+0p+0

Therefore the check bits are

The code vector is written in system form

In this example

This is the required cyclic code v

C = (C2C1C0)=(1 0 0)
as given by equation (3:8.12) ile.,

X = (nlk_]rnk..2 ... Mg :Cy-1Cq-2 ...€1C0)
0:C2C1C0)=(010111 00)

ectors in systematic form. The other code vectors

X = (mamamm

can be obtained using the same procedure.

Table 3.3.2 lists all the systematic cyclic codes.

Sr. Message bits Systematic code vectors
No. M = my mp; My Mg X =m3 m; my Mg C C4 G
1 0 000 00 0O 0 00O
> o 0 0 1 Qi O O 18 O A5 A
3 o 0 10 D\ 0 it [OSNANING
o O 1 00 T.4. 100wt
1,030 0 1 A0:000 4 Aut
1 0 1 0«10 " 1500
40 1 40 00 1
vt QAL 1 40 1.0
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10

11

12

13
14

15

16

1

1

1

1

Table 3.3.2 Code vectors of a (7, 4) cyclic code for G(p)=p' + p+1
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136 Generator and Parity Check Matrices of Cyclic Codes

1261 Nonsystematic Form of Generator Matrix

Since cyclic codes are subclass of linear block codes, generator and parity check
matrices can also be defined for cyclic codes. The generator matrix has the size of
ixn That means there are 'k' rows and 'n' columns. Let the generator matrix G(p) be
given by equation (3.3.7) as,

Glp) = pi+gq-1p? ' +...+g51p+1 ... (3.3.32)
Multiply both the sides of this polynomial by p' i.e.,

PiGp) = pitiagoap il +g1p 4P ... (3.3.33)

and i =(k-1), (k-2),....,2,1,0.

The above equation gives the polynomials  for the rows of a generating
polynomials. This procedure will be clear after the discussion of next example.

" Example 3.3.4 : Obtain the generator matrix corresponding to G(p) = p3 +p? +1 for
a (7, 4) eyclic code.

Solution : Here n=7, k=4 and =7 -4 =3 p' G(p) will be,

P'Gp) = pi+d 4piv2 ypi  for given G(p)
Since  koRel: Im321,0 '
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0 1

] . ] l F l -
g
F ’ F 4

Forrow1 : i=3 =p3 G(p) = P°+p° +p°
Forrow2: i=2 = p2G(p) = pPEp
Forrow3: i=1 = pG(p) =p* +p3 +p

Forrow4 : i=0 =

G(p) =p> +p* +1

7 Oty

ThPSQ fntr

The generat i

) or matrix f ;
size will be 4x7 Correspc(’);gii' k) cocie is of size kx n. For this (7, 4) f

. : ing to four ’ cyclic code the

given by above e : rows we hav ; : .

quation. Let’s : e obtained four momiak

write each polynomial in the foll po'l}nomt.m

owing way.

Rowl = p3 G(p)
Row2 = p2 G(p)
Row3 = P G(p)
Row 4 = G(p)

Let’s transform the above set of polynomials into
4 matrix of 4 x
7%

2675
= P 6+P +Op4 +p3 +0p2 +0p+0
Op® +p° +p* +0p% +p2 4+ 0p 4
Op® +0p° +p* +p3 +0p2 1 p 4
Op® +0p® +0p* +p3 +p2 4 0p 1 1

Ju

Gsx7 = Row 2|0

pe p?

Row 1[1 1
1

Row 3[0 O
Row 4|0 0

4
p p3 pZ pl po

01000

: Li6L.004,, 0
0 e
108w s

This is the generator matrix for given generator
Matrix

) -y Example 3.3.5 :
out the code ve

Solution : For this (
n=7, k=4 and
We know t

&
p? +1

The valid

enerator polynomial is t

ctors correspon

generating polynomia
G = P8P

7, 4) cyclic code,
q=n—k=7‘4=3

Find out the possible gen
generator POlYnomja;s 7
. 4) cyclic code Find

ding to these genergyo, b/
Ynomi, /
S.

hat the generator polynomjal is the -
he factor of p7 +1. The factorg ‘;f;)l' ;) fpra1 g |
: - For this examp'®

(p @1) p2 ®p* @1 3
(“5. )(PPopg,
given by, )

4 x7

+1 dre

(333

. (3330

.. (3337
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& degree of the generati i
Thus the Lg. » generating polynomial should be 'q'. For this example g =3,
efore the valid generator polynomials for p” +1 will be p? +p2 +1 and p? +p+1

.1 will not be a generator polynomials. Since its degree is not 4 (i.e. 3). Thus
stor polynomials for (7, 4) cyclic code are,

‘ Tnef-
Gi(p) = p?+p2+1 ... (3.3.38)

e E0p) = p° +p+1 ... (3.3.39)

m Example 33.6 : Find out the generator matrix corresponding to G(p)=p? +p+1
and find out the code vectors for (7, 4) cyclic code.

solution : (i) To obtain generator matrix
The rows of a generator matrix are given by pi G(p). Here,
p:‘ G(p) — pi+3 +pi+1 +Pf

and =32, 1,0 since k—1=3
Forrowl : i=3 = p3G(p) = P*+p* +p3
Forrow2: i=2 = p2G(p) = p° +p3 +p?
Forrow3: i=1 = pG(p) = p* +p* +p!
Forrow4: i=0 = Gp) = p° +p +1 |

s ... (3.3.40)

: The above set of polynomials is transformed into a generator matrix of size 4 x7
lle. kx n) as shown below.

pt p5 pt p3 p2 pl po
Row-1—F1 0 1 === 0=
C=s Row2s o' 1 0 1 1 0 0
Row 3 0., 20 1 i 1080
Row 4 0 0 0 1 SRR N | 1 e

3 S_ince cyclic code is a subclass of linear block code, its code vectors can be
tained by equation (3.3.4) ie.

) X = MG .. (3341)
') To obtain the codevectors

Here M is the

. 1xk messa . ) '3 ’
consider any 4 iy ge vector and G is generator matrix. Here k=4. Let's

message vector

M = (m3 my my me)=(1 001)

Scanned by CamScanner



Uy

The code vector corresponding to this message vector will be,

101100 0]
0101100
S WS OO otpngniorag
0001011,
= 010011

(Note : Here we perform matrix multiplication and additions are performeg by
mod-2 rules. i.e. 1®1=0,1®0=1, 0@81=1and 0@ 0=0). :

This code vector we have already obtained in example 3.3.1 and is listed in Tabje
3.3.1. This code vector is in non systematic form. Also observe that generator matrjy ;,

also in nonsystematic form. Similarly other code vectors for cyclic code can p,
obtained.

Note : Here note that generator matrix is not in systematic form hence

parity
check matrix cannot be obtained using direct method. |

3.3.6.2 Systematic Form of Generator Matrix

The systematic form of generator matrix is given by equation (3.3.6) as,

G = Peeril] .. (334)

The t* row of this matrix will be represented in the polynomial form as,

- T T amr—— -

" row of G = pn~t 4R, (p) where t=1,2,3, ...k ... (3.343)

Let’s divide p"* by a generator matrix G (p). Then we can express the resylt of this
division in terms of quotient and remainder. ie.,

et A Remainder
- = ofiest s ———— 3.3.44)

Here remainder will be a polynomial of degree less than ‘g,

SINce degree of G (7) i
"9 The degree of quotient will depend upon value of .

Let’s represent Remainder = R;(p) O
and Quotient = Q:(p)
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