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Engineering Mathematics-1: Course Outcomes 

4 Dr. Sunil Kumar Srivastava (Associate Prof.) , 
JECRC, JAIPUR 

  
On completion of this course students will be expected to: 
CO1. Understand fundamental concepts of improper integrals, beta and gamma 
functions and their properties. Evaluation of Multiple Integrals in finding the areas, 
volume enclosed by several curves after its tracing and its application in proving certain 
theorems. 
 CO2. Interpret the concept of a series as the sum of a sequence, and use the sequence 
of partial sums to determine convergence of a series. Understand derivatives of power, 
trigonometric, exponential, hyperbolic, logarithmic series. 
 CO3. Recognize odd, even and periodic function and express them in Fourier series 
using Euler’s formulae. 
 CO4. Understand the concept of limits, continuity and differentiability of functions of 
several variables. Analytical definition of partial derivative. Maxima and minima of 
functions of several variables Define gradient, divergence and curl of scalar and vector 
functions.  

Students will be able to: 

 

 



Limit: 

• Limit: Let 𝑓 be a function of two variable defined in some 
region then limit of 𝑓 is equal to 𝑙 if for every ∈> 0, ∃ 𝛿 >
0   st  

•      𝑓 𝑥, 𝑦 − 𝑙 <∈   where   0 < (𝑥 − 𝑥0)2+(𝑦 − 𝑦0)2<
𝛿 

• Then   lim
(𝑥,𝑦)→(𝑥0,𝑦0)

𝑓 𝑥, 𝑦 = 𝑙 

• Method:  
•  If 𝑥 → 𝑎, 𝑦 → 𝑏  then evaluate limit by normal procedure. 
•   If 𝑥 → 𝑜, 𝑦 → 𝑜 then evaluate limit along y=mx and 

𝑦 = 𝑚𝑥𝑛. If in both case limit is same then limit exits. 
 



Limit:  

• Q:  Find the limit   lim
(𝑥,𝑦)→(0,0)

𝑥2𝑦

𝑥4+𝑦2  

• Solution: along the path   y=mx 

•    lim
(𝑥,𝑦)→(0,𝑚𝑥)

𝑥2𝑚𝑥

𝑥4+𝑚2𝑥2 = 0 

• And along the path    𝑦 = 𝑚𝑥𝑛 . 

•     lim
(𝑥,𝑦)→(0,𝑚𝑥𝑛)

𝑥2𝑚𝑥𝑛

𝑥4+𝑚2𝑥4 = lim
𝑥→0

𝑚

1+𝑚2   which 

depend on m and different for different values of 
m so limit does not exit. 

 



Continuity: 

• Continuity: a 𝑓 be a function of two variable is 
said to be continuous at the point 𝑥0, 𝑦0  if  

•         lim
(𝑥,𝑦)→ 𝑥0,𝑦0

𝑓 𝑥, 𝑦 = 𝑓 𝑥0, 𝑦0  

• Test of continuity:  

• Find 𝑓 𝑥, 𝑦   at (a,b) 

• lim
𝑥,𝑦 → 𝑎,𝑏

𝑓 𝑥, 𝑦 must be exit and is equal to 

𝑓 𝑎, 𝑏 . 

 



Q: find the limit and test the for continuity of the function 

       𝑓 𝑥, 𝑦 =  
𝑥3−𝑦3

𝑥2+𝑦2        𝑖𝑓 𝑥, 𝑦 ≠ 0

0              𝑖𝑓 𝑥, 𝑦 = 0
        at the point (0,0). 

 

Solution:   by definition 𝑓 0,0 = 0 

• Now limit along path   y=mx 

•    𝑙𝑖𝑚
(𝑥,𝑦)→(0,𝑚𝑥)

𝑥3−𝑚3𝑥3

𝑥2+𝑚2𝑥2 = 0 

• And along the path    𝑦 = 𝑚𝑥2. 

•     𝑙𝑖𝑚
(𝑥,𝑦)→(0,𝑚𝑥2)

𝑥3−𝑚3𝑥6

𝑥2+𝑚2𝑥4 = 0 

• Since limit is same and is equal to value of the function 
at (0,0). So function is continuous at (0,0). 

 



Partial Derivative: 
 

if 𝑧 = 𝑓(𝑥, 𝑦) be a function of two independent variable x and y 
the derivative of  z , with respect to x, keeping y as constant , is called 
partial derivative of z with respect to x and is denoted as 

𝜕𝑧

𝜕𝑥
 and is 

defined as  

•           
𝜕𝑧

𝜕𝑥
 =  lim

ℎ→𝑜

𝑓 𝑥+ℎ,𝑦 −𝑓(𝑥,𝑦)

ℎ
 

 And similarly the derivative of  z , with respect to y, keeping x as 
constant , is called partial derivative of z with respect to x and is 
denoted as 

𝜕𝑧

𝜕𝑦
 and is defined as  

•           
𝜕𝑧

𝜕𝑦
 =  lim

𝑘→𝑜

𝑓 𝑥,𝑦+𝑘 −𝑓(𝑥,𝑦)

𝑘
 

Similarly      
𝜕2𝑧

𝜕𝑥2
 ,  

𝜕2𝑧

𝜕𝑥𝜕𝑦
,

𝜕2𝑧

𝜕𝑦2
    denote the second order partial 

derivative and so on. 
 



Q:   if 𝑢 = 𝑒𝑥𝑦𝑧   then find       the value of   
𝜕3𝑦

𝜕𝑥𝜕𝑦𝜕𝑧
 

Solution:   Here given        𝑢 = 𝑒𝑥𝑦𝑧                     (1) 
• Differentiating (1) partially with respect to z 

taking  x and y as constant, we have 

•                  
𝜕𝑢

𝜕𝑧
= 𝑒𝑥𝑦𝑧 𝑥𝑦  

•  Also     
𝜕2𝑢

𝜕𝑦𝜕𝑧
=  𝑒𝑥𝑦𝑧 . 𝑥 + 𝑒𝑥𝑦𝑧𝑥2𝑦𝑧 

•    Finally   
𝜕3𝑦

𝜕𝑥𝜕𝑦𝜕𝑧
= 𝑒𝑥𝑦𝑧 1 + 2𝑥𝑦𝑧 +

𝑒𝑥𝑦𝑧𝑦𝑧 𝑥 + 𝑥2𝑦𝑧  
•                              = 𝑒𝑥𝑦𝑧 (1 + 2𝑥𝑦𝑧 + 𝑥𝑦𝑧 +

𝑥2𝑦2𝑧2 
 



Total Derivative : 
 

• In  partial derivative of a function two or more variable, only one 
variable varies but in total derivative increments are given in all the 
variables. 

•    Let            𝑧 = 𝑓(𝑥, 𝑦)  then total derivative of z is  

•                                    𝑑𝑧 =
𝜕𝑓

𝜕𝑥
𝑑𝑥 +

𝜕𝑓

𝜕𝑥
𝑑𝑦 

• Note: (1)    if 𝑧 = 𝑓(𝑥, 𝑦) and 𝑥 = ∅ 𝑡 , 𝑦 = ∅(𝑡) then total 
derivative of z is  

•                                
𝑑𝑧

𝑑𝑡
=

𝜕𝑓

𝜕𝑥
𝑑𝑥/𝑑𝑡 +

𝜕𝑓

𝜕𝑥
𝑑𝑦/𝑑𝑡 

• (2)  if 𝑧 = 𝑓(𝑥, 𝑦) and 𝑥 = ∅ 𝑢, 𝑣 , 𝑦 = ∅(𝑢, 𝑣) then total 
derivative of z is  

•                                    
𝑑𝑧

𝑑𝑢
=

𝜕𝑓

𝜕𝑥

𝜕𝑥

𝜕𝑢
+

𝜕𝑓

𝜕𝑥
 
𝜕𝑦

𝜕𝑢
   and 

𝑑𝑧

𝑑𝑣
=

𝜕𝑓

𝜕𝑥

𝜕𝑥

𝜕𝑣
+

𝜕𝑓

𝜕𝑥
 
𝜕𝑦

𝜕𝑣
 

 



Tangent plane and Normal to a surface: 

• The equation of tangent plane to the point 𝑃(𝑥, 𝑦, 𝑧) to the surface 
𝑓(𝑥, 𝑦, 𝑧)  is  

•           
𝜕𝑓

𝜕𝑥
(𝑋 − 𝑥) +

𝜕𝑓

𝜕𝑦
(𝑌 − 𝑦) +

𝜕𝑓

𝜕𝑧
(𝑍 − 𝑧) = 0 

• Where (X,Y,Z) are the current coordinate of the any point on this tangent 
plane. 

• The equation of normal plane to the point 𝑃(𝑥, 𝑦, 𝑧) to the surface 
𝑓(𝑥, 𝑦, 𝑧)  is  

 

•                              
𝑋−𝑥
𝜕𝑓

𝜕𝑥

    =      
𝑌−𝑦
𝜕𝑓

𝜕𝑦

    =      
𝑍−𝑧
𝜕𝑓

𝜕𝑧

 

 

 



Maxima And Minima of Function of two variable: 

• Def. A Function 𝑓(𝑥, 𝑦) is said to have a maximum or minimum at 𝑥 = 𝑎, 𝑦 =
𝑏 , according as  

•                           𝑓(𝑎 + ℎ, 𝑏 + 𝑘) < or 𝑓(𝑎, 𝑏),  for all positive or negative values of 
ℎ and 𝑘. 

 

• In other words if  𝑓 𝑎 + ℎ, 𝑏 + 𝑘 − 𝑓(𝑎, 𝑏) is of the same sign for all small values 
of ℎ, 𝑘 an then 𝑓(𝑎, 𝑏) is a maximum d if this sign is negative , then 𝑓(𝑎, 𝑏) is a 
maximum . If this sign is then 𝑓(𝑎, 𝑏) is a minimum. 



Working Rule to find the maximum and minimum values of 𝒇 𝒙, 𝒚 . 

1. find the 
𝜕𝑓

𝜕𝑥
  and 

𝜕𝑓

𝜕𝑦
 and each equate tom zero. Solve these simultaneous 

equations in x and y and find the pair of values  of the form (𝑎, 𝑏)….. 

2. Calculate the values of 𝑟 =
𝜕2𝑓

𝜕𝑥2 ,   s =
𝜕2𝑓

𝜕𝑥𝜕𝑦
,   t =

𝜕2𝑓

𝜕𝑦2  for each pair of  values. 

3. (i)   if 𝑟𝑡 − 𝑠2 > 0   and 𝑟 < 0 at 𝑎, 𝑏  then 𝑓 𝑥, 𝑦  is maximum  and have 
maximum values 𝑓 𝑎, 𝑏 . 

       (ii) if 𝑟𝑡 − 𝑠2 > 0   and 𝑟 > 0 at 𝑎, 𝑏  then 𝑓 𝑥, 𝑦  is minimum  and have 
minimum  values 𝑓 𝑎, 𝑏 . 

       (iii) if 𝑟𝑡 − 𝑠2 < 0   at 𝑎, 𝑏  then 𝑓 𝑥, 𝑦   is not have extreme values i.e 
𝑓(𝑎, 𝑏) is a saddle point. 

       (iv) if 𝑟𝑡 − 𝑠2 = 0   at 𝑎, 𝑏  then case is doubtful and needs further 
investigation. 



Q. Discuss the maxima and minima of the function  
    𝑓 𝑥, 𝑦 = 𝑥3𝑦2(1 − 𝑥 − 𝑦) 

Solution:  Here we ha 

                               𝑓 𝑥, 𝑦 = 𝑥3𝑦2(1 − 𝑥 − 𝑦) 

Now  
𝜕𝑓

𝜕𝑥
= 3𝑥2𝑦2 − 4𝑥3𝑦2 − 3𝑥2𝑦3 and     

𝜕𝑓

𝜕𝑦
= 2𝑥3𝑦− 2𝑥4𝑦− 3𝑥3𝑦2 

And                                   𝑟 =
𝜕2𝑓

𝜕𝑥2 = 6𝑥𝑦2 − 12𝑥2𝑦2 − 6𝑥𝑦3 

                                          s =
𝜕2𝑓

𝜕𝑥𝜕𝑦
= 6𝑥2𝑦 − 8𝑥3𝑦 − 9𝑥2𝑦2 

t =
𝜕2𝑓

𝜕𝑦2 = 2𝑥3 − 2𝑥4 − 6𝑥3𝑦 

 for stationary values we have 
𝜕𝑓

𝜕𝑥
= 0   and             

𝜕𝑓

𝜕𝑦
= 0 

So we have  𝑥2𝑦2 3−4𝑥 − 3𝑦 = 0      and              𝑥2𝑦 2 − 2𝑥 − 3𝑦 = 0 

Solving these we have 0,0   and (
1

2
,
1

3
) as stationary points. 

 



• Now     𝑟𝑡 − 𝑠2 =
1

14
> 0  at (1/2, 1/3) 

• And also 𝑟 = −
1

9
< 0  at (1/2,1/3) 

• So function is maximum at the point at (1/2, 1/3) and maximum value is 
1/432. 

• At (0,0) , 𝑟𝑡 − 𝑠2 = 0 and hence further investigation is required. 

 

• Practice problem: 

 

• Q: in a plane triangle , find the maximum value of 𝐶𝑜𝑠𝐴𝐶𝑜𝑠𝐵𝐶𝑜𝑠𝐶 . 

 

 

 

 



Lagrange’s method of undetermined multipliers: 
 

•                           Let     𝑢 = 𝑓(𝑥, 𝑦, 𝑧)                                   (1) 
• Be a function of three variables 𝑥, 𝑦, 𝑧 related by the relation 
•                                       ∅ 𝑥, 𝑦, 𝑧 = 0                                            (2) 
• For stationary points we have  

•                      
𝜕𝑓

𝜕𝑥
= 0 ,   

𝜕𝑓

𝜕𝑦
= 0 ,  

𝜕𝑓

𝜕𝑧
= 0  

• So                 𝑑𝑢 =  
𝜕𝑓

𝜕𝑥
𝑑𝑥 +

𝜕𝑓

𝜕𝑦
𝑑𝑦 +

𝜕𝑓

𝜕𝑧
𝑑𝑧           (3) 

• Differentiating (2) gives 

•                 
𝜕∅

𝜕𝑥
𝑑𝑥 +

𝜕∅

𝜕𝑦
𝑑𝑦 +

𝜕∅

𝜕𝑧
𝑑𝑧 = 0                           (4) 

• Now multiplying (4) by 𝜆  and then adding in (3) 

•            𝑑𝑢 =  
𝜕𝑓

𝜕𝑥
+ 𝜆

𝜕∅

𝜕𝑥
𝑑𝑥 +

𝜕𝑓

𝜕𝑦
+ 𝜆

𝜕∅

𝜕𝑦
𝑑𝑦 +

𝜕𝑓

𝜕𝑧
+ 𝜆

𝜕∅

𝜕𝑧
𝑑𝑧            

•           ⟹     
𝜕𝑓

𝜕𝑥
+ 𝜆

𝜕∅

𝜕𝑥
= 0,   

𝜕𝑓

𝜕𝑦
+ 𝜆

𝜕∅

𝜕𝑦
= 0  ,  

𝜕𝑓

𝜕𝑧
+ 𝜆

𝜕∅

𝜕𝑧
= 0 

• Solving above equation with (2) we can find the values of 𝑥, 𝑦, 𝑧 and 𝜆 for 
which function f have stationary values. 
 



Q: a rectangular box open at the top is to have volume of 32 cubic ft. 
find the dimension of the box requiring least material for its 
construction. 
 

• Solution: Let x, y , z be dimension of the box and S be its surface. 
• The       𝑆 =  𝑥𝑦 + 2𝑦𝑧 + 2𝑧𝑥 = 𝑓(𝑥, 𝑦, 𝑧)                 (1) 
•    And             𝑥𝑦𝑧 = 32 = ∅(𝑥, 𝑦, 𝑧)                            (2) 
• Now we have Lagrange’s function  
•                     𝐹 = 𝑓(𝑥, 𝑦, 𝑧) +  𝜆 = ∅(𝑥, 𝑦, 𝑧)                         
• For stationary 𝑑𝐹 = 0 so we have 

•             
𝜕𝑓

𝜕𝑥
+ 𝜆

𝜕∅

𝜕𝑥
𝑑𝑥 +

𝜕𝑓

𝜕𝑦
+ 𝜆

𝜕∅

𝜕𝑦
𝑑𝑦 +

𝜕𝑓

𝜕𝑧
+ 𝜆

𝜕∅

𝜕𝑧
𝑑𝑧 = 0        

• Or       (𝑦 + 2𝑧 +  𝜆𝑦𝑧)𝑑𝑥 + (𝑥 + 2𝑧 +  𝜆𝑧𝑥)𝑑𝑦 + (2𝑦 + 2𝑥 +  𝜆𝑥𝑦)𝑑𝑧 = 0   

• Or           𝑦 + 2𝑧 +  𝜆𝑦𝑧 = 0  ,    𝑥 + 2𝑧 +  𝜆𝑧𝑥 = 0 ,   2𝑦 + 2𝑥 +  𝜆𝑥𝑦 = 0 

• On solving above equation we have 𝑥 = 𝑦 and 𝑦 = 2𝑧 
•  So   we have   𝑥 = 𝑦 = 2𝑧 
• There fore dimension of the box are  4,4,2 

 



The Vector Differential Operator Del (𝜵): 

 

• The  Vector Differential Operator Del 𝛻  (read as nabla) is 
defined as  

•                                    𝛻 = 𝑖
𝜕

𝜕𝑥
+ 𝑗

𝜕

𝜕𝑦
+𝑘

𝜕

𝜕𝑧
 

• Gradient of Scalar point function: 

• The gradient of a scalar point function ∅ 𝑥, 𝑦, 𝑧 = 𝑐  , 
where c is constant, is denoted as grad∅ or 𝛻∅  and is 
defined as  

•                 grad∅ or 𝛻∅ = 𝑖
𝜕

𝜕𝑥
+ 𝑗

𝜕

𝜕𝑦
+ 𝑘

𝜕

𝜕𝑧
∅ 

•                                          =   𝑖
𝜕∅

𝜕𝑥
+ 𝑗

𝜕∅

𝜕𝑦
+ 𝑘

𝜕∅

𝜕𝑧
   

 



Gradient: 

• Important to Note: 
•  The gradient of a scalar point function ∅ 𝑥, 𝑦, 𝑧  

is a vector point function. 
• The grad∅ is vector normal to the surface. 
• The Directional Derivative: 
•     The directional derivative of a scalar field f at 

the point 𝑃(𝑥, 𝑦, 𝑧) in the direction of a vector 𝑎   
is given by  

•           
𝜕f

𝜕x
= 𝛻𝑓. 𝑎     where 𝑎 =

𝑎

𝑎
 

 



Q: find the directional derivative of ∅ = 𝑥2𝑦𝑧 − 4𝑥𝑦𝑧2 at the point 
𝑃(1,3,1) in the direction of the vector 2𝑖 − 𝑗 − 2𝑘. 
 

• Solution:   Here given surface ∅ = 𝑥2𝑦𝑧 − 4𝑥𝑦𝑧2 

•  So           grad∅   or    𝛻∅      =   i
𝜕∅

𝜕x
+ 𝑗

𝜕∅

𝜕y
+ 𝑘

𝜕∅

𝜕z
   

•                    = 2𝑥𝑦𝑧 − 4𝑦𝑧2 𝑖 + (𝑥2𝑧 − 4𝑥𝑧2)𝑗 + (𝑥2𝑦 − 8𝑥𝑦𝑧)𝑘 
• Now   𝛻∅  at the point 𝑃 1,3,1 = −6𝑖 − 3𝑗 − 21𝑘 
•   Let 𝑎 be unit vector in the direction of the vector 2𝑖 − 𝑗 − 2𝑘.  

Then 

•                          𝑎 =
𝑎

𝑎
=

−6𝑖−3𝑗−21𝑘

−6𝑖−3𝑗−21𝑘
= −

2

3
𝑖 −

1

3
𝑗 −

2

3
𝑘  

• Now we know that    The directional derivative of a scalar field f at 
the point 𝑃(𝑥, 𝑦, 𝑧) in the direction of a vector 𝑎   is given by  

•              
𝜕f

𝜕x
= 𝛻𝑓. 𝑎 = −6𝑖 − 3𝑗 − 21𝑘 . (−

2

3
𝑖 −

1

3
𝑗 −

2

3
𝑘)= 11 

 



Divergence: 

• Divergence of a vector point function: 

• The divergence of a vector point function 𝑉 = 𝑣1𝑖 + 𝑣2𝑗 + 𝑣3𝑘  is a 
scalar point function is denoted as div 𝑉 or 𝛻. 𝑉 and is defined as  

•             div 𝑉 = 𝛻. 𝑉 =  i
𝜕

𝜕x
+ 𝑗

𝜕

𝜕y
+ 𝑘

𝜕

𝜕z
.( 𝑣1𝑖 + 𝑣2𝑗 + 𝑣3𝑘) 

•                                   =
𝜕𝑣1

𝜕𝑥
+ 

𝜕𝑣2

𝜕𝑦
+

𝜕𝑣3

𝜕𝑧
 

• Which shows that divergence of a vector point function is a scalar 
function. 

• Divergence represents the rate of flow out per unit volume per unit 
time at a point of the fluid. 

• If div 𝑉 = 0  then vector field is said to be solenoidal. 
 



Curl: 

• Curl of a vector point function: 

•     The Curl of a vector point function 𝑉 = 𝑣1𝑖 + 𝑣2𝑗 + 𝑣3𝑘   is a 
vector point function is denoted as curl 𝑉 or 𝛻 × 𝑉 and is defined as  

•                   curl 𝑉 or 𝛻 × 𝑉 =

𝑖 𝑗 𝑘
𝜕

𝜕𝑥

𝜕

𝜕𝑥

𝜕

𝜕𝑥
𝑣1 𝑣2 𝑣3

 

• Curl measure the angular velocity at any point of the vector field . 

• A vector field is called irrotational if curl 𝑉 = 0. 
• If vector field represents the flow velocity of a moving fluid then 

curl is circulation density of the fluid. 
 



Q: a fluid motion is given by  

               𝑉 = 𝑦 + 𝑧 𝑖 + 𝑧 + 𝑥 𝑗 + 𝑥 + 𝑦 𝑘 
Is this motion irrotational. If so find scalar potential 

 

• Solution: Motion will be irrotational if curl 𝑉 = 0 so we have to show curl 𝑉 = 0. 

•   Now      𝛻 × 𝑉 =

𝑖 𝑗 𝑘
𝜕

𝜕𝑥

𝜕

𝜕𝑥

𝜕

𝜕𝑥
𝑣1 𝑣2 𝑣3

 = 1 − 1 𝑖 + 1 − 1 𝑗 + 1 − 1 𝑘 = 0 

•   
•            Therefore given vector is irrotational. 

• Since fluid is  irrotational, therefore    𝑉 = grad∅  =     𝛻∅ 

•       𝑦 + 𝑧 𝑖 + 𝑧 + 𝑥 𝑗 + 𝑥 + 𝑦 𝑘 = i
𝜕∅

𝜕x
+ 𝑗

𝜕∅

𝜕y
+ 𝑘

𝜕∅

𝜕z
 

•             ⟹   
𝜕∅

𝜕x
= 𝑦 + 𝑧  ,

𝜕∅

𝜕y
= 𝑥 + 𝑧   ,   

𝜕∅

𝜕x
= 𝑥 + 𝑦   

• Now              𝑑∅ =
𝜕∅

𝜕x
𝑑𝑥 +

𝜕∅

𝜕y
𝑑𝑦 +

𝜕∅

𝜕z
𝑑𝑧 

•                          = 𝑦 + 𝑧 𝑑𝑥 + 𝑧 + 𝑥 𝑑𝑦+ 𝑥 + 𝑦 𝑑𝑧 
•                      𝑑∅ = d yx + d zx + d(zy) 
• On integration , we get  
•                        ∅ = 𝑥𝑦 + 𝑥𝑧 + 𝑦𝑧 + 𝑐 

 



• https://nptel.ac.in/courses/111/107/1111071
08 

• https://www.youtube.com/watch?v=XzaeYnZd
K5o&fea 

• https://www.youtube.com/watch?v=HyWagR
_7x-o&feature=emb_logoture=emb_logo 
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