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Review of Fourier Series

® Deal with continuous-time periodic signals.
® Discrete frequency spectra.

A Periodic Signal
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Two Forms for Fourier Series
O

Sinusoidal 4, | - 2Tt | <, . 2Tt
Form f(t)—7+;ancos - +;bns1n -

. 2 T/2 7
a, = ?I_mf(t) cos nwtdt

B 2 T2
dy _?J._T/zf(t)dt > i |
b = EJ._T/Z f(¢) sin nwy,tdt

COmpleX — - Jnwyt _ 1 T/2 iyt
Form: S0 = nzz_mc"e C, = ;I_T / 2f (t)e "™ dt



How to Deal with Aperiodic Signal?

A Periodic Signal

If 7 - oo, what happens?
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Fourier Integral
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Fourier Integral
G

() = %T fw 5’1 F(T)e /" dr %f‘”fdoo
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f@O=——[ F(jwe™dw Synthesis

F(jo) = fw f(t)e ™ dt Analysis



Fourier Series vs. Fourier Integral
-

Fourier

Series:  JO= 3 ¢, Period Function
1 Ne " dr  Discrete Spectra
Cn_;J‘_T/sz( )e p
Fourier 1 | Non-Period
N=—1 [ F(iwe’dw .
Integral: AQ zn.[—oo (joe Function

F(jw) :fm f(®He’dt  Continuous Spectra
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Fourier Transform Pair
< ]

Inverse Fourier Transtorm:

e |
f@O=——[ F(jwe™dw Synthesis

Fourier Transform:

F(jw) = fw f(He ™ dt Analysis



Existence of the Fourier Transform
]

Sutficient Condition:

f(?) 1s absolutely integrable, 1.¢.,
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Continuous Spectra
.

F(jw) = I:, F(t)e ™ dt

FI(]'(,O) ...............................................................................
F(jw) = Fp(jod) + jF, (jo) >
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Notation

Tl fO]=F(jw)
FF(jw)]=f()

mm)p () - F(jw)




Linearity

Ve B

a fi()ta,f,(t) 1 - a F(jw)ta,F,(jw)




Time Scaling
G
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Time Reversal
< ]

Ve B

f(-t) = F- j

B streor= [ renea =7 f-ne
:J‘__::o ()™ d(~1) :J‘::: ()™ d(~1)
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= — Im“’ f)e™dt = I"; f(t)e™ dt

:fwf (e’ dt = F(=jw)



Time Shifting

V4 B

f(f _tO) “l - F(j()\))e_jwto

B wpa-w=[ ra-tyed = f-ie e
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Frequency Shifting (Modulation)
G

f()e’® = O F[ j(w-a)

Pf) e
F[Lf()e’™ ] :J'_oo (e’ e dt

:J'_oo f(t)e‘j(w‘wo)l‘dt

= F[j(w_mo)]



Symmetry Property

FLED)] =217 (-w)

Proof .
211 (¢) = I_ F( jw)e’ dw

2T (—t) = fmF( e ™™ dw
Interchange symbols w and ¢

217 (—) = I:, F(jt)e ™dt =FLF(j1)]



Fourier Transform for
Real Functions

If /() 1s a real function, and F(jw) = F,(jw) + jF(jW)
) F(—w) = F*(jw)

F(jw) = f: f(t)e ™ dt

F*(jw) = [ f(Oe™dt = F(=jo)



Fourier Transform for
Real Functions

If /() 1s a real function, and F(jw) = F,(jw) + jF(jW)
) F(-jw) = F*(jw)
m) [ (jw)is even, and F(jw) is odd.

F = j0)=F b (- jo) == F(jw)

m) Magnitude spectrum |F(jw)| is even, and
phase spectrum @) 1s odd.



Fourier Transform for
Real Functions

If f(¢) 1s real and even If f(¢) 1s real and odd

m) /(jw) is real m) /(jw) is pure imaginar
(jw) L (jw)1s p g I/Y
) )
Even mm f(1) = f(-t) Odd w8 f(t)=-f(-1)
) [(jw) = F(-jw) ) F(jw) = —F(-jw)

Real m F(—jw) = F*(jw) Real m F(—jw) = F *(jw)

=  F(jw) = F*(jw) = F(jw) =-F*(jw)



Example:
O

FlfO]1=F(jw)  FLA()coswyr]=7
Sol)

f(t)coswt = % (O™ +e™)

FLf (1) cos wyf] = %ﬂf(z)ef‘*’of] + % FLf (1)e ™ ]
:%F[ﬂw—wo)]%F[j(oomo)]



1] Wd(f_) I S(O)=w (t)cosw,t
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W,(jw) =F[w,(t)] :f/ze_jwtdt = ésinéﬂ?@

sin d (W—w,) sin % (W+w,)

7 _ 2
W) = F[w, () cos w,t] = +
(jw) = F[w, (1) cos 0] - o




1.5 . . A

Examplﬁf Wﬂww&m
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W,(jw) =F[w,(t)] :f/ze_jwtdt = ésinéﬂ?@

d/2

sin d (W—w,) sin % (W+w,)

. _ 2
F(iw)=F t W] = +
(jo) = Flw, () cos ] =— = T




Sol)

W (iw) ==sin H tAnswer is
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Fourier Transform of £°(¢)
-

Ve B

f(t) &7~ F(joy) and lim f(1)=0
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Fourier Transform of £ ()
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Ve B

f(t) &7~ F(joy) and lim f(1)=0

= ) - (0" F(jw)




Fourier Transform of £ ()
-

Ve B

f(t) &7~ F(joy) and lim f(1)=0

= ) - (0" F(jw)




Fourier Transform of Integral
G

f(t) £ = F(jo) and I_"; f(tdt=F(0)=0
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Let @f)= ﬁm f(x)dx wmh lim@t) =0

{ — 00

Fl@O]=Tf ()] =F(jw) = job(jw)

O(jw) = F(jo)

Jw



The Derivative of Fourier Transform
]

dF | jw)
dw

Fl-jtf ()] < -

o) .
F(jw) = I f(@)e ™ dt

dF (jw) _
dw

I f(H)e’™dt = I f (t)—e‘f‘”fdt

= fw[— jif )]l dt =F[=jif (1)]






