Examples with solutions

Q.1 Given A=54, and B=44,+B,d, then find B, such that angle

between A and B is 45° If B also has a term B, @,, what relationship must exist between B,
and B, ?
Solution: A =53, and B=4a, +B, a,, 6,5 =45°
Now A-B = A B, +A B +A_ B,
= (5%4)+(0)+(0)=20

But A-B = |A]| |B|cosf,g

N
o
H

(5)% x \{(4)2 +(B,)’ x cos45°

1{16+B§ = 5.6568
2 _
B2 = 16
B, = t4
Now B = 4a,+B,3a +B,a,
Still AB = 20

20 = 1f(s)2 x\{(4)2 +(13,,)2 +(B, )? x cos 45°

J16+B2 +B2 = 56568

B2 +B2 = 16

This is the required relation between B, and B,.

.2 Find the unit vector directed towards the point (x,.4,.2) from an

arbitrary point in the plane yv =—5 .



Solution : The plane y = — 5 is parallel to xz plane
as shown in the Fig. 1.53.

The coordinates of point P are (x, - 5, z) as
y ==5 is constant. While Q is arbitrary point having,
co-ordinates (x;,y;.2,) To find unit vector along
the direction PQ.
FQ
|PQ|
where PQ=Q-P

PQ = (x =x)a, +(y1 —(-5))a, +(z; —z)a,

IPQl = J(x1 —x)* +(y; +5)° + (7 —2)°
_ (xq —x)a, +(y; +5)a, +(z;, —z)a,

Tre T \/("1 -")2 +(¥1 +5)? +(z, -z)z

Q_B_Given points P(r=5,06=60°2=2) and Q(r=2,¢=110°%z=-1) in

cylindrical co-ordinate system. Find
i) Unit vector in cartestan co-ordinates at P directed towards Q
ii) Unit vector in cylindrical co-ordinates at P directed towards (J.

Solution : Let us obtain the cartesian co-ordinates of P and Q.
Itisknownthatx=rcos¢ y=rsin¢ and z=2
~ P(25,433,2) and Q (- 0.684, 1.8793, - 1)
i) The unit vector from P to Q is,
apg = E = Q___P w
|PQ| |PQ|
(-0.684-25)a, +(1.8793-433)a, +(-1-2)a,
|PQ|

here P and Q are position vectors




31843, -245073, -33,
J(-3.184)? +(-2.4507) +(~3)

dpg = —0.63493, - 048873, - 059833,

i) The vector PQ = - 3.184 3, - 24507 3, -33, .. As obtained earlier.
Let us transform this into cylindrical coordinates.

(PQ), = PQ.a, =-3184a, .3, 245073, .3, -3a, -3,
= —3.184 cos ¢— 24507 (-sin¢)+0 .. Refer Table 1.2
At point P, ¢=60°

(PQ), = -3.184x0.5-24507(-0.866)=0.5303
(PQ), = PQ-a, =-3.1843, .3, - 245073, .3, 33, +3,
= - 3.184 (~sin ¢) - 24507 cos ¢
AN (PQ), = - 3.184 (- 0.866) - 2.4507 x 0.5 = 1.5319
and (PQ), = PQ.d, =-3 N a, -3, =a,+3,=0

PQ = 053033, + 153193, -33,
PQ 053033, +15319a, -33,
IPQl  J(05303)% +(1.5319)% +(-3)>

0.155a, +0449a, - 0.88 2,

Q.4-
Find the area of the curved surface using the cylindrical co-ordinates
which lies on the right circular cylinder of radius 2 m, height 8 m and 40°<¢<90°.



Solution : The surface is shown in the Fig. 1.55.

The differential area normal to a, is,
dS = rdodza,
The surface is constant r surface and normal to it is unit vector a, .

S = [dS=][rdédz

8 90°
= j ‘[rd¢dz ..T=2m

z=0 $=45°

= rifly. 2],

T

1800)([8—‘0] ...Use ¢ in radians

= 2x[90°-45°]x

_ 2x45°xmx 8"_ 2
= Tgge— = 125663 m




Q.5- Convert point P (1,3,5) from Cartesian to cylindrical and spherical

co-ordinates.

Solution : P(1, 3, 5) iex=1 y=3 z=5
In cylindrical system

r = x2+y? =41+32 = 31622

-

_ aY _ a3 o
¢ = tan x—tan T 71.56

zZ = zZ=5
P(3.1622, 71.56° 5) in cylindrical

In spherical system :

r = ,fx2+y?+2? =J12+32+52 = 5916

0 = tan-! % = cos~! 5_9§1—6— = 32.31°

¢ = tan’! % = tan~! = = 71.56°
~. P(5.916, 32.31°, 71.567 in spherical.
Q.6- Grovern: a vector Junction

A =(3x+c;2) @, +(c;x—52) @, +(4x—c3y +c42) @,
Calculate ¢, ,c, ,c3 and ¢4 if A is irvotational and solenoidal.
Solution : For A to be irrotational, VXA = 0

_ oA, A
UYxE - [aAz_ _]ix+[aA, aAz]Ey+[ v an]it

dy dz dz  dx dx 0y

A,=3x+¢z, Ay =cx-5z A, =4x-c3y +c;2

VXA =[-c; +5]a, +[c; —4]a, +[c, -0]a, =0

c; =5, ¢ =4 c, =0 ... For A to be irrotational
For A to be solenoidal, V < A = 0



dA
V.K:BAX+ ,.+BA,___
dx 0y Q7
3+0+¢c; =0

cg=-3 ... For A to be irrotational

Q.7-

Verify that vector field A =yza, +zxa, +xya, is irrotational and

solenoidal.

Solution : For A to be irrotational, VXA = 0

— oA, OA,|_ roA, o0A_1_ [9A, oA, ] _
VXA = [ —-—-——-:Iax'f'[—az—-"-a—x]ay +|:T—a—y a,

dy oz
A, =yz, Ay =zx and A, = xy ...Given
dA, __8A, _ 0A, Ohy _3A, _ 3A,

dy Yoz Y Tax T T Xk YTy
VXA = [x—-x]i,(f[y—y]a_y+[z—z]5,=0
Thus A is irrotational.

For A to be solenoidal, V « A=0
oA , A, 2A ’

V'A=ﬁdx+ay+az =0
J0A

‘lﬁi =0, —2=0, a_A_?-_=o

ox oy oz

V<A = 0 hence A is solenoidal

Q8- fA=wa,+2a,+10a, and
B=4o.a, +8a, —20.a,, find out the value of o for which the two vectors become
perpendicular.

Solution : A =oa, +2a,+10a,, B= 4cxa,+8a, 203,
For perpendicular vectors, A-B =0
o) Q) + (2) B+ 10 (-2 ) =0
;. 402 —-20a+ 16 = O

a = 4d4dor 1l



Q.9- Given points A(x = 2, y =3, z=— 1) and B(p = 4, ¢ =~ 50° z = 2)
find the distance A to B.

Solution :A(x=2,y=3,z=-1), Blp=4 6¢6=-50°z=2)
Converting point B to cartesian system,
x = pcos =4 cos (—50°) = 257115
y = psin ¢ = 4 sin (- 50°) = — 3.0641

zZ = Zz=2

dap = ‘\{(XB —xA )2 +(yp—ya) +(zg —2,)?

\ (2.57115-2)2 +(-3.0641 —3)2 +[2—(-1)]?

= /0.326212+ 36.77331 +9 = 6.7896

Q.10-Show that the vector fields

— X in®
A -a 511:222 +27, (51:; )

and

B = r cos8a, +ra, are every where parallel to each other.
Solution : For parallel vectors, AXB =0

Given A and B are in spherical co-ordinates.

KX% = Al‘ Ag A@
Br BB BO
A, = sijB' Ag = 251;1 9' Ay=0
r- r
B = rcos6 Bg=r, By, =0
AXB = a,[AgB, -ByA,]-a4[A By —-B,A 1+3,[A B, -B,A]

_ _ sin 20 rcosOx2sin@] _
= 0a,~0ay+ — 5 a,
re r

[Zsin OcosB 2sin BcosB]_
- r B r 2, =0

As A XB = 0, the two vector fields are parallel to each other.



Q.11-

Express the field E = %Er in (i) rectangular components, ii) cylindrical
comportents.
Solution :

E = Az’ ...In spherical co-ordinates

i) Spherical to rectangular

E, sinBcos® cosBcosd —sind|[A /r?
E,| = |sinBsin¢ cosBsin® cosd 0
E, cos @ —sin @ 0 0
A . A . . A cosO
E, = ;-:,—smecosq’, Ey=:i—sm95m¢, E,= v
— A 6
E = S sinBcos¢ &, + 2 sinBsingd, + —> "z,
r* r r
2 2.2 —1 X2 +y? -1Y
But r=,fx_+y +z°, 6= tan — o= tan <
xz +y2 Z

- sin 6 = . cos O

.sz +y?+2?

,fxz +y2+22

Sin ¢ = ——Y, COS ¢= ——
E = A x 24y X 3
x? +y? +2? \/x2+y2+zz .,[x2+y2 *
+ — ,p; 5 X Ux2+y2 =% Y a,
x*+yt 4zt [x24y? 422 JxZ +y?
+ A x 2z a
x2+y2 422 m “
E - Ax _ Ay - Az -

a, + a,+ a
(x2+y2 +22)3!2 X (x2+y2+22)312 y (xz +y2+z2)3f’2 z

ii) Spherical to cylindrical

E, sin® cos® O0][A /r?
E,| = 0 0 1 0
E, cos® -—-sin@ 0 0
Ep _ A s:zn G' E¢ =0, E, = Acgse

r r



r = Jpt+z?, G=tan"1-2

sin® = .._p__' cos 0 = _......_....7:'_._...__._.
’DZ_*_Z'.’. fp2+22
E _ Ap —_ Az —

(pZ+z2)2 ?p+(pz+zz)3n az

Q.12- Find the divergence and curl of the following function :
A =2xya, +x’za, +z3a,

3

Solution : A = 2xy @, +x’23, +2°3,
—_ BA,‘ aAy aAz 2
VR = STy =2y+0+3 =2y + 3z
a, a, a,| |3, &, 4,
~ |3 9 of o 2 o
VAT IR ¥ ®Z|T % Yy ™
Au Ay Az 2Xy XIZ 23

- [323 axzz] _ [823 82xy] _ [axzz 32xy]
a, +a,

oy oz | X ez ox oy
= 7,[0-x*]-3,[0]+7, [2xz~2x]

= -xa, +2x(z-1a,



