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Vision of JECRC 

To become a renowned centre of outcome based learning, and work towards academic, 

professional, cultural and social enrichment of the lives of individuals and communities. 

Mission of JECRC 
 

M1. Focus on evaluation of learning outcomes and motivate students to inculcate research 

aptitude by project based learning. 

M2. Identify, based on informed perception of Indian, regional and global needs, areas of 

focus and provide platform to gain knowledge and solutions. 

M3. Offer opportunities for interaction between academia and industry. 

M4. Develop human potential to its fullest extent so that intellectually capable and 

imaginatively gifted leaders can emerge in a range of professions. 

Vision of EE Department 

Electrical Engineering Department strives to be recognized globally for outcome based knowledge 

and to develop human potential to practice advance technology which contribute to society. 

Mission of EE Department 

M1.  To impart quality technical knowledge to the learners to make them globally 

competitive Electrical Engineers. 

M2.  To provide the learners ethical guidelines along with excellent academic 

environment for a long productive career. 

M3.  To promote industry-institute relationship. 

PSO of EE Department 

 

PSO1  Graduates will be able to contribute for the development of automation. 

PSO2  Graduates will be able to contribute towards integration of the green energy. 
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PROGRAM OUTCOMES 

1. Engineering knowledge: Apply the knowledge of mathematics, science, 

engineering fundamentals, and an engineering specialization to the solution of 

complex engineering problems. 

2. Problem analysis: Identify, formulate, research literature, and analyze complex 

engineering problems reaching substantiated conclusions using first principles of 

mathematics, natural sciences, and engineering sciences. 

3. Design/development of solutions: Design solutions for complex engineering 

problems and design system components or processes that meet the specified needs 

with appropriate consideration for the public health and safety, and the cultural, 

societal, and environmental considerations. 

4. Conduct investigations of complex problems: Use research-based knowledge 

and research methods including design of experiments, analysis and interpretation of 

data, and synthesis of the information to provide valid conclusions. 

5. Modern tool usage: Create, select, and apply appropriate techniques, resources, 

and modern engineering and IT tools including prediction and modeling to complex 

engineering activities with an understanding of the limitations. 

6. The engineer and society: Apply reasoning informed by the contextual 

knowledge to assess societal, health, safety, legal and cultural issues and the 

consequent responsibilities relevant to the professional engineering practice. 

7. Environment and sustainability: Understand the impact of the professional 

engineering solutions in societal and environmental contexts, and demonstrate the 

knowledge of, and need for sustainable development. 

8. Ethics: Apply ethical principles and commit to professional ethics and 

responsibilities and norms of the engineering practice. 

9. Individual and team work: Function effectively as an individual, and as a 

member or leader in diverse teams, and in multidisciplinary settings. 

10. Communication: Communicate effectively on complex engineering activities 

with the engineering community and with society at large, such as, being able to 

comprehend and write effective reports and design documentation, make effective 

presentations, and give and receive clear instructions. 

11. Project management and finance: Demonstrate knowledge and understanding 

of the engineering and management principles and apply these to one’s own work, as 

 a member and leader in a team, to manage projects and in multidisciplinary 

environments. 

12. Life-long learning: Recognize the need for, and have the preparation and 

ability to engage in independent and life-long learning in the broadest context of 

technological change. 
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Course Outcomes 

CO1 Analyze the basic rule of electric network theorems. 

CO2 Analyze the transient and steady state conditions of AC and DC circuits 

CO3 
Analyze the two port network functions and Laplace transform of electrical 

circuits 

 

CO-PO Mapping 
PO 

PO1 PO2 PO3 PO4 PO5 PO6 PO7 PO8 PO9 PO10 PO11 PO12 PSO1 PSO1 
Co1 

3 3 1 2 2 1 2 - - 2 1 - - - 
Co2 

2 2 2 1 1 1 1 - - 3 1 - - -- 
Co3 

3 2 
 

2 2 2 1 - - 2 1 - - --- 
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Teaching and Examination Scheme 

 

 

S.NO Course 
Type 

Course Hours 

Per 
Week 

Marks Cr 

  Code Name L T P Exa

m 

Hrs 

IA ETE Total  

1 PCC/PEC Code- 
3EE4-05 

Electrical 
Circuit Analysis 

3 0 0 3  30 120 150 3 
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LaPlace Transform in Circuit Analysis 

Objectives: 
•Calculate the Laplace transform of common functions 
using the definition and the Laplace transform tables 
•Laplace-transform a circuit, including components with 
non-zero initial conditions. 
•Analyze a circuit in the s-domain 
•Check your s-domain answers using the initial value 
theorem (IVT) and final value theorem (FVT) 
•Inverse Laplace-transform the result to get the time-
domain solutions; be able to identify the forced and 
natural response components of the time-domain solution. 

(Note – this material is covered in Chapter 12 and Sections 
13.1 – 13.3) 
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LaPlace Transform in Circuit Analysis 

What types of circuits can we analyze? 
•Circuits with any number and type of DC sources and 
any number of resistors. 
•First-order (RL and RC) circuits with no source and with a 
DC source. 
•Second-order (series and parallel RLC) circuits with no 
source and with a DC source. 
•Circuits with sinusoidal sources and any number of 
resistors, inductors, capacitors (and a transformer or op 
amp), but can generate only the steady-state response. 
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LaPlace Transform in Circuit Analysis 

What types of circuits will Laplace methods allow us to 
analyze? 

•Circuits with any type of source (so long as the function 
describing the source has a Laplace transform), resistors, 
inductors, capacitors, transformers, and/or op amps; the 
Laplace methods produce the complete response! 
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LaPlace Transform in Circuit Analysis 

Definition of the Laplace transform: 
 
 
 
Note that there are limitations on the types of functions for 
which a Laplace transform exists, but those functions are 
“pathological”, and not generally of interest to engineers! 


 

0
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LaPlace Transform in Circuit Analysis 

Aside – formally define the “step function”, which is often 
modeled in a circuit by a voltage source in series with a 
switch. 
 
 
 
 
 
 
 
When K = 1, f(t) = u(t), which we call the unit step function 

0,

0,0)(



tK

ttf
K 

t 

f(t) = Ku(t) 
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LaPlace Transform in Circuit Analysis 

More step functions: 
 
The step function shifted in time  The “window” function 

K 

t 

f(t) = Ku(t-a) 

a 

K 

t 

f(t) = Ku(t-a1) - Ku(t-a2)  

a1 a2 
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Which of these expressions describes 
the function plotted here? 

A. u(t – 5) 

B. 5u(t + 15) 

C. 5u(t – 15) 

D. 15u(t – 5) 

5 

t 15 
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A. 8u(t + 4) 

B. 4u(t – 8) 

C. 8u(t – 4) 

Which of these expressions describes the 
function plotted here? 

8 

t -4 
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A. 2u(t + 5) + 2u(t – 10) 

B. 2u(t – 5) + 2u(t + 10) 

C. 2u(t + 5) – 2u(t – 10) 

2 

t -5 

Which of these expressions describes the 
function plotted here? 

10 
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LaPlace Transform in Circuit Analysis 

Use “window” functions to 
express this piecewise linear 
function as a single function 
valid for all time. 
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LaPlace Transform in Circuit Analysis 

The impulse function, created so that the step function’s derivative is 
defined for all time: 
 
The step function   The first derivative of the step function 

1 

t 

f(t) = u(t) 
1 

t 

The value of the 
derivative at the 
origin is undefined! 

df(t)/dt 
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LaPlace Transform in Circuit Analysis 

Use a limiting function to define the step function and its first 
derivative! 
 
The step function   The first derivative of the step function 

1 

t 

g(t)f(t) 
as 0 

1/2 

t -  

g(t) 

-  

dg(t)/dt 

[dg/dt](0)(t) 
as 0 
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LaPlace Transform in Circuit Analysis 

The unit impulse function is represented symbolically as (t). 
Definition: 
 
 
 
 
 
 
Note also that any limiting function with the following characteristics 
can be used to generate the unit impulse function: 

•Height   as   0 
•Width  0 as   0 
•Area is constant for all values of  

0) as 1 approaches  which,)(
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LaPlace Transform in Circuit Analysis 

Another definition: 
 
 
 
 
 
 
 
The sifting property is an important property of the impulse function: 
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A. 24 

B. 27 

C. 3 

Evaluate the following integral, using the 
sifting property of the impulse function. 

 
10

10

2 )2()36( dttt 

273)2(6 2 
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LaPlace Transform in Circuit Analysis 

Use the definition of Laplace transform to calculate the Laplace 
transforms of some functions of interest: 
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Look at the Functional Transforms table.  Based 
on the pattern that exists relating the step and 
ramp transforms, and the exponential and 
damped-ramp transforms, what do you predict 
the Laplace transform of t2 is? 

A. 1/(s + a) 

B. s 

C. 1/s3 
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LaPlace Transform in Circuit Analysis 

Using the definition of the Laplace transform, determine the effect of 
various operations on time-domain functions when the result is 
Laplace-transformed.  These are collected in the Operational 
Transform table. 
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Now lets use the operational transform 
table to find the correct value of the 
Laplace transform of t2, given that 

A. 1/s3 

B. 2/s3 

C. -2/s3 

2

1
}{

s
t L
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LaPlace Transform in Circuit Analysis 

Example – Find the Laplace transform of t2eat. 

Use the operational transform: 

 

Use the functional transform: 
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Alternatively,  

Use the operational transform: 

 

Use the functional transform: 
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LaPlace Transform in Circuit Analysis 

How can we use the Laplace transform to solve circuit 
problems? 

•Option 1: 
•Write the set of differential equations in the time 
domain that describe the relationship between voltage 
and current for the circuit. 
•Use KVL, KCL, and the laws governing voltage and 
current for resistors, inductors (and coupled coils) and 
capacitors.   
•Laplace transform the equations to eliminate the 
integrals and derivatives, and solve these equations for 
V(s) and I(s). 
•Inverse-Laplace transform to get v(t) and i(t). RAM SINGH , ASSISTANT PROFESSOR , EE DEPT JECRC JAIPUR 



LaPlace Transform in Circuit Analysis 

How can we use the Laplace transform to solve circuit 
problems? 

•Option 2: 
•Laplace transform the circuit (following the process we 
used in the phasor transform) and use DC circuit 
analysis to find V(s) and I(s). 
•Inverse-Laplace transform to get v(t) and i(t). 
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LaPlace Transform in Circuit Analysis 

Laplace transform – resistors: 
Time-domain     s-domain (Laplace) 

)()( tRitv  )()( sRIsV 
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LaPlace Transform in Circuit Analysis 

Laplace transform – inductors: 
Time-domain     s-domain (Laplace) 
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LaPlace Transform in Circuit Analysis 

Laplace transform – resistors: 
Time-domain     s-domain (Laplace) 
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Find the value of the complex impedance and 
the series-connected voltage source, representing 
the Laplace transform of a capacitor. 

A. sC, V0/s 

B. 1/sC, V0/s 

C. 1/sC, V0/s 

0)()( CVssCVsI 
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LaPlace Transform in Circuit Analysis 

Recipe for Laplace transform circuit analysis: 
1. Redraw the circuit (nothing about the Laplace transform 

changes the types of elements or their interconnections). 
2. Any voltages or currents with values given are Laplace-

transformed using the functional and operational tables. 
3. Any voltages or currents represented symbolically, using 

i(t) and v(t), are replaced with the symbols I(s) and V(s). 
4. All component values are replaced with the corresponding 

complex impedance, Z(s). 
5. Use DC circuit analysis techniques to write the s-domain 

equations and solve them. 
6. Inverse-Laplace transform s-domain solutions to get time-

domain solutions. 
RAM SINGH , ASSISTANT PROFESSOR , EE DEPT JECRC JAIPUR 



LaPlace Transform in Circuit Analysis 
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Example: 
There is no initial energy 
stored in this circuit.  Find 
i1(t) and i2(t) for t > 0. 
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LaPlace Transform in Circuit Analysis 

Recipe for Laplace transform circuit analysis: 
1. Redraw the circuit (nothing about the Laplace transform 

changes the types of elements or their interconnections). 
2. Any voltages or currents with values given are Laplace-

transformed using the functional and operational tables. 
3. Any voltages or currents represented symbolically, using 

i(t) and v(t), are replaced with the symbols I(s) and V(s). 
4. All component values are replaced with the corresponding 

complex impedance, Z(s). 
5. Use DC circuit analysis techniques to write the s-domain 

equations and solve them. 
6. Inverse-Laplace transform s-domain solutions to get time-

domain solutions. 
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LaPlace Transform in Circuit Analysis 

Finding the inverse Laplace transform: 
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This is a contour integral in the complex plane, where the complex 
number c must be chosen such that the path of integration is in the 
convergence area along a line parallel to the imaginary axis at 
distance c from it, where c must be larger than the real parts of 
all singular values of F(s)!  

There must be a better way … 
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LaPlace Transform in Circuit Analysis 

Inverse Laplace transform using partial fraction expansion: 
•Every s-domain quantity, V(s) and I(s), will be in the form 

 
 

where N(s) is the numerator polynomial in s, and has real 
coefficients, and D(s) is the denominator polynomial in s, and 
also has real coefficients, and 

 
•Since D(s) has real coefficients, it can always be factored, 
where the factors can be in the following forms: 
Real and distinct 
Real and repeated 
Complex conjugates and distinct 
Complex conjugates and repeated 
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LaPlace Transform in Circuit Analysis 

Inverse Laplace transform using partial fraction expansion: 
•The roots of D(s) (the values of s that make D(s) = 0) are 
called poles. 
•The roots of N(s) (the values of s that make N(s) = 0) are 
called zeros. 

 
Back to the example: 
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Find the zeros of I1(s). 

A. s = 9 rad/s 

B. s = 9 rad/s 

C. There aren’t any zeros 
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Find the poles of I1(s). 

A. s = 2 rad/s, s = 12 rad/s 

B. s = 2 rad/s, s = 12 rad/s 

C. s = 0 rad/s, s = 2 rad/s, s = 12 rad/s 

)12)(2(

)9(40
)(1 




sss

s
sI

RAM SINGH , ASSISTANT PROFESSOR , EE DEPT JECRC JAIPUR 



LaPlace Transform in Circuit Analysis 
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Example: 
There is no initial energy 
stored in this circuit.  Find 
i1(t) and i2(t) for t > 0. 
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LaPlace Transform in Circuit Analysis 

A. )(]14[ is response natural The

A; )(15 is response forced The

A )(]1415[
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Example: 
There is no initial energy 
stored in this circuit.  Find 
i1(t) and i2(t) for t > 0. 
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LaPlace Transform in Circuit Analysis 
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Example: 
There is no initial energy 
stored in this circuit.  Find 
i1(t) and i2(t) for t > 0. 
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LaPlace Transform in Circuit Analysis 

Example: 
There is no initial energy 
stored in this circuit.  Find 
i1(t) and i2(t) for t > 0. 

A. )(]4.14.8[ is response natural The

A; )(7 is response forced The

A )(]4.14.87[

12

4.1

2

4.87

122

122

1
2
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tt

tt
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LaPlace Transform in Circuit Analysis 

Atuee(t)i

Atuee(t)i

tt

tt

)()4.14.87(

)()1415(
122

2

122
1









Example: 
There is no initial energy 
stored in this circuit.  Find 
i1(t) and i2(t) for t > 0. 

Check the answers at t = 0 and t =  to make sure the circuit 
and the equations match!   
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LaPlace Transform in Circuit Analysis 

Atuee(t)i

Atuee(t)i

tt

tt

)()4.14.87(

)()1415(
122

2

122
1









Example: 
There is no initial energy 
stored in this circuit.  Find 
i1(t) and i2(t) for t > 0. 

At t = 0, the circuit has no initial stored energy, so i1(0) = 0 
and i2(0) = 0.  Now check the equations: 

0)1)(4.14.87(0

0)1)(11415(0

2

1




)(i

)(i
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As t  , the inductors behave like 

A. Inductors 

B. Open circuits 

C. Short circuits 
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LaPlace Transform in Circuit Analysis 

A 7007)()()4.14.87(

A 150015)()()1415(

2
122

2

1
122

1








iAtuee(t)i

iAtuee(t)i

tt

tt

Example: 
There is no initial energy 
stored in this circuit.  Find 
i1(t) and i2(t) for t > 0. 

Draw the circuit for t =  and check these solutions. 

)A(check! 7)15(
48

4.22
)(

)A(check! 15
4.22

336
)(

4.2248||42

2

1







i

i
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LaPlace Transform in Circuit Analysis 

We can also check the initial and final values in the s-domain, 
before we begin the process of inverse-Laplace transforming our 
s-domain solutions.  To do this, use the Initial Value Theorem (IVT) 
and the Final Value Theorem (FVT). 

•The initial value theorem: 
 

This theorem is valid if and only if f(t) has no impulse functions. 
 

•The final value theorem: 
 

This theorem is valid if and only if all but one of the poles of 
F(s) are in the left-half of the complex plane, and the one that 
is not can only be at the origin. 

)(lim)(lim
0

ssFtf st 


)(lim)(lim 0 ssFtf st  
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LaPlace Transform in Circuit Analysis 

Example: 
There is no initial energy 
stored in this circuit.  Find 
i1(t) and i2(t) for t > 0. 

sss
sI

sss

s
sI

2414

168
)(

2414

36040
)(

232

231









Check your answers using the IVT and the FVT. 
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LaPlace Transform in Circuit Analysis 

IVT: 
From the circuit, i1(0) = 0 
and i2(0) = 0. 

   
   

 
   

)A(check! 0)A(check! 0
24141

168
lim

24141

36040
lim

2414
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lim
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36040
lim

)(lim)(lim)(lim)(lim
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36040
)(
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2

012

2
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2323
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1111
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232231
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LaPlace Transform in Circuit Analysis 

FVT: 
From the circuit, i1() = 15 A 
and i2() = 7 A. 

)A(check! 7
24

168
)A(check! 15

24

360
2414

168
lim

2414

36040
lim

2414

168
lim

2414

36040
lim

)(lim)(lim)(lim)(lim
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)(

2414

36040
)(

2020
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2
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1
0
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1
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LaPlace Transform in Circuit Analysis 

Recipe for Laplace transform circuit analysis: 
1. Redraw the circuit (nothing about the Laplace transform 

changes the types of elements or their interconnections). 
2. Any voltages or currents with values given are Laplace-

transformed using the functional and operational tables. 
3. Any voltages or currents represented symbolically, using 

i(t) and v(t), are replaced with the symbols I(s) and V(s). 
4. All component values are replaced with the corresponding 

complex impedance, Z(s). 
5. Use DC circuit analysis techniques to write the s-domain 

equations and solve them.  Check your solutions with IVT 
and FVT. 

6. Inverse-Laplace transform s-domain solutions to get time-
domain solutions.  Check your solutions at t = 0 and t = . RAM SINGH , ASSISTANT PROFESSOR , EE DEPT JECRC JAIPUR 



LaPlace Transform in Circuit Analysis 

Example: 
Find v0(t) for t > 0. 

Begin by finding the initial 
conditions for this circuit. 

A 2.0
350

70
I

V 0

o 

oV
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Give the basic interconnections of this 
circuit, should we use a voltage source or 
a current source to represent the initial 
condition for the inductor? 

A. Voltage source 

B. Current source 

C. Doesn’t matter 
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LaPlace Transform in Circuit Analysis 

Example: 
Find v0(t) for t > 0. 

Laplace transform the 
circuit and solve for V0(s). 

625,765,91750

125,26870

04.0
2.0350)n512(1

)04.070)(2.0350(

04.0)()2.0350()(

2.0350)n512(1

04.070
)(

2 
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s

ss

ss

sIssV
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s
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LaPlace Transform in Circuit Analysis 

Example: 
Find v0(t) for t > 0. 

Use the IVT and FVT to check V0(s). 

625,765,91750

125,26870
)(

20 



ss

s
sV
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LaPlace Transform in Circuit Analysis 

Example: 
Find v0(t) for t > 0. 

 IVT      FVT 

)V(check! 70
1

70

625,765,917501

125,26870
lim

625,765,91750

125,26870
lim

)(lim)(lim

625,765,91750

125,26870
)(
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2

2

0

20
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LaPlace Transform in Circuit Analysis 

Example: 
Find v0(t) for t > 0. 

Partial fraction expansion: 

)3000875)(3000875(

125,26870
)(0

jsjs

s
sV






































48.571.65
]3000875)3000875[(

125,268)3000875(70

)3000875(

125,26870

48.571.65
]3000875)3000875[(

125,268)3000875(70

)3000875(

125,26870

)3000875()3000875(
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3000875

2

3000875
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When two partial fraction 
denominators are complex conjugates, 
their numerators are 

A. Equal 

B. Unrelated 

C. Complex conjugates 
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LaPlace Transform in Circuit Analysis 

Aside – look at the inverse Laplace transform of partial fractions 
that are complex conjugates. 

)57.262cos()59.5(2

)]57.262sin()57.262[cos(59.5

)]57.262sin()57.262[cos(59.5

59.559.5

59.559.5)(

21

57.2659.5

21

57.2659.5
)(

57.2659.5
2121

)21(10

21

10

212152

10
)(

)57.262()57.262(

)21(57.26)21(57.26

21

1

*
11
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LaPlace Transform in Circuit Analysis 

The parts of the time-domain expression come from a single 
partial fraction term: 

)57.262cos()59.5(2)(

21

57.2659.5

21

57.2659.5
)(













tetf

jsjs
sF

t

Important – you must use the numerator of the partial fraction 

whose denominator has the negative imaginary part! 
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LaPlace Transform in Circuit Analysis 

The general Laplace transform (from the table below the 
“Functional Transforms” table) 

  )cos(||2)()(

||||
)(

1 















bteKtfsF

jbas

K

jbas

K
sF

at
L
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The partial fraction expansion for V0(s) is 
shown above.  When we inverse-Laplace 
transform, which partial fraction term 
should we use? 

A. The first term 

B. The second term 

C. It doesn’t matter 

)3000875(

48.571.65

)3000875(

48.571.65
)(0

jsjs
sV
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The time-domain function for vo(t) will 
include a cosine at what frequency? 

A. 875 rad/s 

B. 130.2 rad/s 

C. 3000 rad/s 

)3000875(

48.571.65

)3000875(

48.571.65
)(0

jsjs
sV
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LaPlace Transform in Circuit Analysis 

Example: 
Find v0(t) for t > 0. 

Inverse Laplace transform: 

)3000875(

48.571.65

)3000875(

48.571.65
)(0

jsjs
sV










Check at t = 0 and t  : 

V )48.573000cos(2.130)48.573000cos()1.65(2)( 875875
0  

tetetv
tt

V 0cos(...))0(2.130)(

V 70)48.57cos()1(2.130)0(

0

0




v

v
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This example is a series RLC circuit.  Its 
response form, repeated below, is 
characterized as: 

A. Underdamped 

B. Overdamped 

C. Critically damped 

V )48.573000cos(2.130)( 875
0  

tetv
t
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LaPlace Transform in Circuit Analysis 

Example: 

There is no initial energy 

stored in this circuit.  

Find vo if ig = 5u(t) mA. 

Laplace transform the circuit: 
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LaPlace Transform in Circuit Analysis 

Example: 

Find Vo(s): 
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This s-domain expression has ___ zeros 
and ___ poles. 

A. 0, 2 

B. 1, 2 

C. 2, 1 

82 10000,20

000,204.1





ss

s
Vo
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LaPlace Transform in Circuit Analysis 

Example: 

Check your s-

domain answer: 

 IVT      FVT 

V 4.1

10000,201

000,204.1
lim

10000,20

000,204.1
lim

)(lim)(lim

10000,20

000,204.1
)(

2801
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2
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0

820
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Just after t = 0, there is no initial stored energy 
in the circuit.  Therefore, the capacitor behaves 
like a ____ and the inductor behaves like a ___. 

A. Open circuit/short circuit  

B. Open circuit/open circuit 

C. Short circuit/short circuit 

D. Short circuit/open circuit 

Warning – this one’s tricky! 
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LaPlace Transform in Circuit Analysis 

 For t = 0    For t   

)(check! V 4.1

)280)(005.0()0(0


v

) wire!a across  voltage theis(it  

V 0)0(0 v
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LaPlace Transform in Circuit Analysis 

Example: 

Partial fraction 

expansion: 

)000,10()000,10(

)000,10(

000,204.1

10000,20

000,204.1
)(

2
2

1

2820
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In the partial fraction expansion given 
here, K1 and K2 are 

A. Both real numbers 

B. Complex conjugates 

C. Need more information 

)000,10()000,10(
)( 2

2
1

0 
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K

s
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LaPlace Transform in Circuit Analysis 

Aside – find the partial fraction expansion when there are 
repeated real roots. 

undefined! 
)0)(1(

174

)1(

174

2
1

174174

1
1

1

)1(

174

1)1()1(
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3
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LaPlace Transform in Circuit Analysis 

Aside – find the partial fraction expansion when there are 
repeated real roots.  How do we find the coefficient of the term 
with just one copy of the repeated root? 

1

)1(

)1(

)1()1(
)()1(

2
3

2

2
2

2
12
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s
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Eliminate these two 
terms 

Keep this 
term! 
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d
sFs

ds

d

= 0 because the 
derivative still has 

(s+1) in the 
numerator 

= 0 because the 
derivative of a 
constant is 0 

= K3 because the 
derivative of 
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LaPlace Transform in Circuit Analysis 

Aside – find the partial fraction expansion when there are 
repeated real roots. 

3
)1(

1)1(7)1(4

)1(

7)1(8

17478174

2
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1
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LaPlace Transform in Circuit Analysis 

Back to the example; 
find the partial fraction 
expansion: 

  4.1000,204.1

6000000,204.1

)000,10()000,10()000,10(

000,204.1
)(

000,10

2

000,101
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LaPlace Transform in Circuit Analysis 

Example: 
Find v0(t) for t > 0. 

Inverse Laplace 
transform the result in 
the s-domain to get the 
time-domain result: )000,10(

4.1

)000,10(

6000
)(

20 





ss
sV

 

)(check! V 0)(

)(check! V 4.1)0(

 tables) Laplace the(see V )(4.16000)(
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000,10000,10
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We have seen this response form in our 
analysis of second-order RLC circuits;  
it is called: 

A. Overdamped 

B. Underdamped 

C. Critically damped 

V )(]4.16000[)( 000,10000,10
tuetetv

tt

o
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LaPlace Transform in Circuit Analysis 

Example: 
There is no initial energy 
stored in this circuit.  Find 
i(t) if v(t) = e0.6tsin0.8t V. 

Laplace transform the circuit: 

 

12.1

8.0

8.0)6.0(

8.0
8.0sin
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LaPlace Transform in Circuit Analysis 

Example: 
Find I(s): 

 12.1
)(

12.1

8.0
)(
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)(8.0
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LaPlace Transform in Circuit Analysis 

Example: 
Check your s-domain 
answer: 

 IVT      FVT 

0
)12.11(

1
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LaPlace Transform in Circuit Analysis 

Example: 
Partial fraction 
expansion: 

)8.06.0()8.06.0(

)8.06.0()8.06.0()12.1(
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LaPlace Transform in Circuit Analysis 

Partial fraction 
expansion, continued: 
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LaPlace Transform in Circuit Analysis 

Inverse Laplace transform the result in the s-domain to get 
the time-domain result: 

Example: 
There is no initial energy 
stored in this circuit.  Find 
i(t) if v(t) = e0.6tsin0.8t V. 

  A )()908.0cos(58.0)13.538.0cos(78.0

)908.0cos()29.0(2)13.538.0cos()39.0(2)(

)8.06.0(

9029.0

)8.06.0(

13.5339.0
)(

6.06.0

6.06.0

2

tutette
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Which term of the solution represents 
the forced response? 

A. First term 

B. Second term 

C. Neither 

Example: 
There is no initial energy 
stored in this circuit.  Find 
i(t) if v(t) = e0.6tsin0.8t V. 

A )()]908.0cos(58.0)13.538.0cos(78.0[)( 6.06.0
tutetteti

tt  
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LaPlace Transform in Circuit Analysis 

Recipe for Laplace transform circuit analysis: 
1. Redraw the circuit – note that you need to find the initial conditions 

and decide how to represent them in the circuit. 
2. Any voltages or currents with values given are Laplace-transformed 

using the functional and operational tables. 
3. Any voltages or currents represented symbolically, using i(t) and v(t), 

are replaced with the symbols I(s) and V(s). 
4. All component values are replaced with the corresponding complex 

impedance, Z(s), and the appropriate source representing initial 
conditions. 

5. Use DC circuit analysis techniques to write the s-domain equations and 
solve them.  Check your solutions with IVT and FVT. 

6. Inverse-Laplace transform s-domain solutions (using the partial fraction 
expansion technique and the Laplace tables) to get time-domain 
solutions.  Check your solutions at t = 0 and t = . 
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LaPlace Transform in Circuit Analysis 

Aside – How do you inverse Laplace transform F(s) if it is an 
improper rational function? (Note – this won’t happen in linear 
circuits, but can happen in other systems modeled with differential 
equations!) 
Example: 

)hold!not  does  }O{N}O{D   :(Note
)2)(1(

762
1

(s)(s)
ss

ss- 
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See next slide! 
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LaPlace Transform in Circuit Analysis 
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Two-Port Networks

• Definitions

• Impedance Parameters

• Admittance Parameters

• Hybrid Parameters

• Transmission Parameters

• Cascaded Two-Port Networks

• Examples

• Applications
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One-Port Networks

One-Port

Network
v

-

+

i
1

i'
1

• A pair of terminals at which a signal (voltage or current) may
enter or leave is called a port

• A network having only one such pair of terminals is called a
one-port network

• No connections may be made to any other nodes internal to the
network

• By KCL, we therefore have i1 = i′1

• We discussed in ECE 221 how one-port networks may be modeled
by their Thévenin or Norton equivalents
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Two-Port Networks: Definitions & Requirements

Two-Port

Network
v

1

-

+

i
1

i'
1

-

+

i
2

i'
2

v
2

• Two-port networks are used to describe the relationship between a
pair of terminals

• The analysis methods we will discuss require the following
conditions be met

1. Linearity

2. No independent sources inside the network

3. No stored energy inside the network (zero initial conditions)

4. i1 = i′1 and i2 = i′2
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Two-Port Networks: Defining Equations

Two-Port

Network
V

1
(s)

-

+

-

+

V
2
(s)

I
1
(s) I

2
(s)

• If the network contains dependent sources, one or more of the
equivalent resistors may be negative

• Generally, the network is analyzed in the s domain

• Each two-port has exactly two governing equations that can be
written in terms of any pair of network variables

• Like Thévenin and Norton equivalents of one-ports, once we know
a set of governing equations we no longer need to know what is
inside the box
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Impedance Parameters

Two-Port

Network
I

1
(s)

-

+

V
2
(s)V

1
(s)

-

+

I
2
(s)

V1 = z11I1 + z12I2

V2 = z21I1 + z22I2

[

V1

V2

]

=

[

z11 z12

z21 z22

] [

I1

I2

]

• Suppose the currents and voltages can be measured

• Alternatively, if the circuit in the box is known, V1 and V2 can be
calculated based on circuit analysis

• Relationship can be written in terms of the impedance parameters

• We can also calculate the impedance parameters after making two
sets of measurements
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Impedance Parameter Measurements

Two-Port

Network
I

1
(s)

-

+

V
2
(s)V

1
(s)

-

+

V1 = z11I1 + z12I2

V2 = z21I1 + z22I2

If the right port is an open circuit (I2 = 0), then we can easily solve
for two of the impedance parameters:

z11 =
V1

I1

∣

∣

∣

∣

I2=0

z21 =
V2

I1

∣

∣

∣

∣

I2=0

J. McNames Portland State University ECE 222 Two-Port Networks Ver. 1.11 6
RAM SINGH , ASSISTANT PROFESSOR , EE DEPT JECRC JAIPUR 



Impedance Parameter Measurements Continued

Two-Port

Network
-

+

V
2
(s)V

1
(s)

-

+

I
2
(s)

V1 = z11I1 + z12I2

V2 = z21I1 + z22I2

If the left port is an open circuit (I1 = 0), then we can easily solve for
the other two impedance parameters:

z12 =
V1

I2

∣

∣

∣

∣

I1=0

z22 =
V2

I2

∣

∣

∣

∣

I1=0
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Impedance Parameter Measurements Summarized

Two-Port

Network
I

1
(s)

-

+

V
2
(s)V

1
(s)

-

+

I
2
(s)

z11 =
V1

I1

∣

∣

∣

∣

I2=0

z12 =
V1

I2

∣

∣

∣

∣

I1=0

z21 =
V2

I1

∣

∣

∣

∣

I2=0

z22 =
V2

I2

∣

∣

∣

∣

I1=0
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Impedance Parameter Equivalent

z
11

z
22

z
12

I
2

z
21

I
1

V
1
(s)

-

+

I
1
(s)

-

+

V
2
(s)

I
2
(s)

V1 = z11I1 + z12I2

V2 = z21I1 + z22I2

• Once we know what the impedance parameters are, we can model
the behavior of the two-port with an equivalent circuit.

• Notice the similarity to Thévenin and Norton equivalents
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Example 1: Impedance Parameters

V
1

-

+

V
2

-

+
I

1 I
2

40 Ω
200 Ω

500 Ω800 Ω

1 kΩ

Find the z parameters of the circuit.

J. McNames Portland State University ECE 222 Two-Port Networks Ver. 1.11 10
RAM SINGH , ASSISTANT PROFESSOR , EE DEPT JECRC JAIPUR 



Example 1: Workspace
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Example 2: Parameter Conversion

Two-Port

Network
V

1
(s)

-

+

-

+

V
2
(s)

I
1
(s) I

2
(s)

V1 = z11I1 + z12I2

V2 = z21I1 + z22I2

In general, the two defining equations can be written in terms of any
pair of variables. For example, rewrite the defining equations in terms
of the voltages V1 and V2.
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Example 2: Workspace

J. McNames Portland State University ECE 222 Two-Port Networks Ver. 1.11 13
RAM SINGH , ASSISTANT PROFESSOR , EE DEPT JECRC JAIPUR 



Example 2: Workspace Continued
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Impedance & Admittance Parameters

Two-Port

Network
V

1
(s)

-

+

-

+

V
2
(s)

I
1
(s) I

2
(s)

Impedance Parameters

V1 = z11I1 + z12I2

V2 = z21I1 + z22I2

[

V1

V2

]

=

[

z11 z12

z21 z22

] [

I1

I2

]

Admittance Parameters

I1 = y11V1 + y12V2

I2 = y21V1 + y22V2

[

I1

I2

]

=

[

y11 y12

y21 y22

] [

V1

V2

]
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Hybrid Parameters

Two-Port

Network
V

1
(s)

-

+

-

+

V
2
(s)

I
1
(s) I

2
(s)

Hybrid Parameters

V1 = h11I1 + h12V2

I2 = h21I1 + h22V2

[

V1

I2

]

=

[

h11 h12

h21 h22

] [

I1

V2

]

Inverse Hybrid Parameters

I1 = g11V1 + g12I2

V2 = g21V1 + g22I2

[

I1

V2

]

=

[

g11 g12

g21 g22

] [

V1

I2

]

J. McNames Portland State University ECE 222 Two-Port Networks Ver. 1.11 16
RAM SINGH , ASSISTANT PROFESSOR , EE DEPT JECRC JAIPUR 



Transmission Parameters

Two-Port

Network
V

1
(s)

-

+

-

+

V
2
(s)

I
1
(s) I

2
(s)

Transmission Parameters

V1 = a11V2 − a12I2

I1 = a21V2 − a22I2

[

V1

I1

]

=

[

a11 b12

a21 a22

] [

V2

−I2

]

= A

[

V2

−I2

]

Inverse Transmission Parameters

V2 = b11V1 − b12I1

I2 = b21V1 − b22I1

[

V2

I2

]

=

[

b11 b12

b21 b22

] [

V1

−I1

]

= B

[

V2

−I2

]
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Transmission Parameter Conversion

Two-Port

Network
V

1
(s)

-

+

-

+

V
2
(s)

I
1
(s) I

2
(s)

• Altogether there are 6 sets of parameters

• Each set completely describes the two-port network

• Any set of parameters can be converted to any other set

• We have seen one example of a conversion

• A complete table of conversions is listed in the text (Pg. 933)

• You should have a copy of this in your notes for the final
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Example 3: Two-Port Measurements

The following measurements were taken from a two-port network.
Find the transmission parameters.

Port 2 Open

V1 = 150 cos(4000t) V applied

I1 = 25 cos(4000t − 45◦) A measured

V2 = 1000 cos(4000t + 15◦) V measured

Port 2 Shorted

V1 = 30 cos(4000t) V applied

I1 = 1.5 cos(4000t + 30◦) A measured

I2 = 0.25 cos(4000t + 150◦) A measured
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Example 3: Workspace
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Example 4: Two-Port Analysis

v
1

-

+

i
1

16.2 v
3

v
3

-

+

v
2

-

+

i
240 Ω 160 Ω

200 Ω

800 Ω

Find the hybrid parameters for the circuit shown above.
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Example 4: Workspace

v
1

-

+

i
1

16.2 v
3

v
3

-

+

v
2

-

+

i
240 Ω 160 Ω

200 Ω

800 Ω
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Example 4: Workspace Continued
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Example 5: Two-Port Measurements

The following measurements were taken from a two-port network.
Find the transmission parameters.

Port 1 Open

V1 = 1 mV

V2 = 10 V

I2 = 200 µA

Port 1 Shorted

I1 = −0.5 µA

I2 = 80 µA

V2 = 5 V

Hint: △b = b11b22 − b12b21, a11 = b22

△b

, a12 = b12

△b

, a21 = b21

△b

, and

a22 = b11

△b

.
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Example 5: Workspace
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Example 6: Two-Port Analysis

R
1

v
1
(t)

v
2
(t)

-

+

R
3 R

4

R
2

C
2

C
1

v
+
(t)

v
-
(t)

i
1 i

2

Find an expression for the transfer function, h11, z11, g12, g22, a11,
and y21.
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Example 6: Workspace

R
1

v
1
(t)

v
2
(t)

-

+

R
3 R

4

R
2

C
2

C
1

v
+
(t)

v
-
(t)

i
1 i

2
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Example 6: Workspace Continued (1)

R
1

v
1
(t)

v
2
(t)

-

+

R
3 R

4

R
2

C
2

C
1

v
+
(t)

v
-
(t)

i
1 i

2
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Example 6: Workspace Continued (2)

R
1

v
1
(t)

v
2
(t)

-

+

R
3 R

4

R
2

C
2

C
1

v
+
(t)

v
-
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i
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2
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Cascaded Two-Port Networks

Two Port

Network

A

V
1
(s)

-

+

-

+

V
2A

(s)

I
1
(s) I

2A
(s)

Two Port

Network

B

V
1B

(s)

-

+

-

+

V
2
(s)

I
1B

(s) I
2
(s)

• Two networks are cascaded when the output of one is the input
of the other

• Note that V2A = V1B and −I2A = I1B

• The transmission parameters take advantage of these properties
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Cascaded Two-Port Networks

Two Port

Network

A

V
1
(s)

-

+

-

+

V
2A

(s)

I
1
(s) I

2A
(s)

Two Port

Network

B

V
1B

(s)

-

+

-

+

V
2
(s)

I
1B

(s) I
2
(s)

�
V1

I1

�
=

�
a11 a12

a21 a22

�
A

�
V2A

−I2A

� �
V1B

I1B

�
=

�
a11 a12

a21 a22

�
B

�
V2

−I2

�

�
V2A

−I2A

�
=

�
V1B

I1B

� �
V1

I1

�
=

�
a11 a12

a21 a22

�
A

�
a11 a12

a21 a22

�
B

�
V2

−I2

�

J. McNames Portland State University ECE 222 Two-Port Networks Ver. 1.11 31
RAM SINGH , ASSISTANT PROFESSOR , EE DEPT JECRC JAIPUR 



Cascaded Two-Port Networks Continued

Two Port

Network

A

V
1
(s)

-

+

-

+

V
2A

(s)
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1
(s) I

2A
(s)

Two Port

Network

B

V
1B

(s)

-

+

-

+

V
2
(s)

I
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(s) I
2
(s)

The inverse transmission parameters are also convenient for cascaded
networks.�

V2

I2

�
=

�
b11 b12

b21 b22

�
A

�
V1B

−I1B

� �
V2A

I2A

�
=

�
b11 b12

b21 b22

�
B

�
V1

−I1

�

�
V1B

−I1B

�
=

�
V2A

I2A

� �
V2

I2

�
=

�
b11 b12

b21 b22

�
A

�
b11 b12

b21 b22

�
B

�
V1

−I1

�

J. McNames Portland State University ECE 222 Two-Port Networks Ver. 1.11 32
RAM SINGH , ASSISTANT PROFESSOR , EE DEPT JECRC JAIPUR 



Cascaded Systems: Two-Port Networks versus H(s)

Two Port

Network

A

V
1
(s)

-

+

-

+

V
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(s) I
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(s)

Two Port

Network

B

V
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(s)

-

+

-

+

V
2
(s)

I
1B

(s) I
2
(s)

• Two-ports and transfer functions H(s) are closely related

• H(s) only relates the input signal to the output signal

• Two-ports relate both voltages and currents at each port

• You cannot cascade H(s) unless the circuits are active

• Two-port networks have no such restriction

• Two-ports are used to design passive filters

• However, two-ports are more complicated than H(s)
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