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11.1 INTRODUCTION

Energy methods ate extensively used for the determination of force or é:iy'imemal stress
resultant (for example, bending moment etc.) and displacements (linear and angular, both)

of structures.

It is particularly useful in the analysis of indeterminate structures. The energy

theorems are applicable in elementary analysis as well as in advanced analysis and also in
finite element methods. They are very convenient and general in their applications.

Objectives 7
After studying this unit, you should be able to

calculate the strain energy stored by determinate as well as mdetermmate
structures, -

describe the concept of virtual work — due to virtual displacements and virtual
forces,

discuss the applications of Castigliano’s Theorems I and I and Minimum
Energy Principles,

explain the applications of Maxwell’s Reciprocal and Betti’s Theorems,
analyse redundant beams, frames and trusses, and
calculate displacements at different coordinates of indeterminate structures.

112 STRAIN ENERGY IN LINEAR ELASTIC SYSTEMS

This section is a brief summary of the topic which you have already studied in Unit 10 on
Strain Energy unde; “Swength of Materials” course and which may also be referred.
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A structural member obeying Hook’s law of elasticity may be subjected to axial forces,

shear forces, bending moments and twisting moments The strain energy is calculated in the
following way :

Strain energy stored by a member = Amount of the work done by the external forces
to produce the deformation

11.2.1 Strain Energy Due to Axial Forces

Let strain energy stored by an elemental member ds be dU subject to the axial force F.

~. dU = Average load x axial displacement of element ds due to the force F.

F_(Fds)_Fds

du = 5 X [ AE J = JAE

where, A= Area of cross-section of the member, and

E= Modulus of elasticity.
*. Strain energy for the entire length of the member

oofw-(BE  aw

11.2.2 Strain Energy Due to Shear Forces
Let strain energy stored by an elemental member ds is dU subject to the shear fbrce 0.
. dU = Average shear force x Shear dt.s'placement (deformation) of element ds due to the

shear force Q
av = 2« (Q_J . Qds
271AG 24A.G

where, A, = Reduced srea of cross section
G = Shear modulus of elasticity.
~. Total strain energy for the entire length of the member

U=I“.U=I% o (11.2)-V

Now, if we consider strain energy in the xz plane is U, and corresponding reduced area of
Ccross section A and those in the yz plane are Uj, and A,, respectively,

U

ol - 2

Q*ds Q2 ds ‘
J 24,6 2 Un = I 24,6 (11.22)

where, O, and Q, = Biaxial shear forces (in the x and y direcl:iQnS respectively)

11.2.3 Strain Energy Due to Bending Moment

Let strain energy stored by an elemental member ds be dU, subject to the bending moment
M :

. dU = Average bending moment X bending displacement (Angular rotation) of element

ds due to the bending moment M,
M (Mds Mzds
v = zx( EI J“ 2ET

where, I = Moment of inertia of the cross-section of the member w1th respect to the neutral
axis.

. Total strain energy for the entire length of the member

U= I du= (11.3).



Similarly, strain energy in the xz and yz planes are as follows :

o, = [Med
= = I g A0
M2ds ‘
U, = | —Z—ZEIx (11.32)

It is due to bending moments M, and M), in the xz and yz planes respectively.

11.2.4 Strain Energy Due to Twisting Moment (Torsion)

Let strain energy stored by an elemental member ds be dU, subject to the twisting moment
or torsion T.

. dU = Average torsion x-Torsional displacement (angle of twist) of element ds due to
the torsional moment T.

_T_(Tds)_ Tds
v = ZX(GK]— 2GK

where, K = a constant of the twisted member based on shape of the section. (For a circular
-section it is equal to the polar moment of inertia J)

-, Total strain energy for the entire length of the member

1% ds ,
2GK (11.4)

v=Jav-=|
11.2.5 General Equatnon of Strain Energy

The general equation of strain energy is the sum of energy due (o six lntemal force
components comprising the axial force S, the biaxial shear forces Q, and Q,, the biaxial
bending moments M, and M, and torsion 7.

“Therefore, '

2 2 d, M:d M d
o= 15 5 e T+ Ve + T s

In the case of pm-jomted frames or trusses, axial forces of the members are doxmnant
sL |
U= Zoar | (11.6)

In the case of plane rigid-jointed frames where twisting moments are absent, the other three
components, namely axial forces, shear forces and bending moments are dominant.

Thus,

(s ds ds ..

U= | 24 E 22 I aLvmn

But generally axial forces and shear forces are w)éry small in éomparison to bending moment
then energy due to the small components may be neglected and we can use the equation as
follows:

JMZ ds ‘
(11.7a)

Now, we glve a few values of A, and K due to shear and torsion for dxfferent a‘oss-sectxonal
areas in the Table 11.1.

The calculation of strain energy is very important for the determination of deformation of
determinate and indeterminate structures. We shall discuss more elaborately the strain
energy method in Block 4. .

Energy Methods
and Applications
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Example 11.1

Determine the total strain energy of the L-shaped member which is subjected to 1000
N load as shown. The cross-sectional area of the member is 6 cm X 12 cm.,

Assume E = 2 x 10’ N/cm? and G = 0.8 x 107 N/cm?.

2Ltee, 4/21////

- - l - 12Cm
|
200cm l
I 12¢cm
L===21 000
V| X
"—lOOcm-—l
Figure 11.1
Solution :
Member XY: = Axial force in the member XY = 1000 N (tensile)
' SF, BM and twisting moment in the member XY are zero.
Member YZ: Axial force and twisting moment of the member YZ are zero.

SF at Y=1000 N, SF at Z= 1000 N, constant throughout YZ.

BM at Y= 0 and BM at Z=1000 x 200 N cm = 2x 10° N cm,
linearly varying from zero at Yto 2 x10° Ncm at Z.

18 BM at x from Y inthe YZ portion = 1000 x.



6x12 5 ' . ' Energy Methods

Area, (A) =6 x 12 cm?; Reduced Area, (4,) = 5 cm snd Applications
3
Moment of inertia, I = 6—’;21-2—— cm?
Now, strain energy in the member XY
S’L 1000 x 100
U,=-"—"%+0= : = 00347 Ncm
” - 24E 2x6x12x2x10’

and strain energy in the member YZ

I I

=2}0 6:(1)(2)02dx +20I° (-IOOOx)Z:x 12°
0 2x = x08x 10" 0.2x2x1‘07x—>;—2-—

___1000°x200 _ _ 1000°x(200y
2x6;<212x08><107 3><2><2x107><9;—%—2i

= (0.2083 + 77.1605) N cm

= 77.3688 N cm

. Total strain energy = U, + U,, = (0.0347 +77.3688) N cm = 77.4035 N cm

11.3 VIRTUAL WORK

Work is done when the point of application of a force is moved and is given by the product
of force x displacement. The word virtual indicates imaginary, so the virtual work is the
hypothetical work consisting of real forces with virtual displacements ot virtual forces with
real displacements. The principle of virtual work was postulated by Aristotle in the 4th
century BC. In fact, all the energy methods can be developed from the principle of virtual
work. The principle of virtual work is based on the physical principle of conservation of
energy and is applicable to both linear and non-linear elastic systems of determinate and
indeterminate structures.

11.3.1 Principle of Virtual Displacements (Rigid Bodies)

The total work done by a rigid body held in equilibrium by a system of forces and reactions
during a small virtual displacement is zero.

This principle is useful in determining forces and influence lines. Unit displacement method
is developed based on this concept.

Interested students may see the proof of this principle in any standard book of Theory of
Structures suggested in the section, “Further Reading”.

. 11.3.2 ' Principle of Virtual Forces

The total work done by a rigid body subjected to a deformatzon compatible with the support
conditions, held in equilibrium, by virtual forces and reactions on the body is equal to zero.

This principle is useful in computing displacements in a structure. Unit load (for trusses)
unit moment (for beams) and unit torsion (for shafts) have been developed based on this
concept for determination of deformation of various structures.

'11.4 CASTIGLIANO’S THEOREMS

Real energy calculation being very tedious, Castigliano in 1876 developed two theorems to
calculate the forces and deformation in a structure based on the concept of strain energy.
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11.4.1 Theorem 1

The partial derivative of the strain energy of a linearly elastic structure (represented in
terms of displacements) with respect to any displacement A; at coordinate j is equal to the
force P;at coordinate j.

~ Mathematically, gTU =P, ‘ (11.8)
=J
Proof
We assume a set of forces Py, P,, ..., P;, ..., P, acting on a structure at coordinates

L,2,...,J, .., n creating displacements A,, A,, ..., A;, ..., A,. Now, we impose a
small increment SAj to the displacement at coordinate j. Keeping the displacements at
all other coordinates unchanged. As a result, the increments in the forces are

3Py, &Py, ..., 8P, ..., &P, The increment in displacement at coordinate j and the
consequent mcrement in loads series is considered as the second set. We are showmg
the two sets of forces and corresponding displacements in Table 11.2.

~ Table11.2
Set Coordinate 1 2 -- J - n
l -
P - P P> - P; - Py
! A Al A - A - Ay
P 5P 3P, - p |7 - 8Pn
n N 0 0 0 8A; 0 0

*. The work done at the coordinate j during these displacements wili be

PBA; = APy + APy + ...+ ABP+ ...+ ABP,

or, ' PjSAj = 38U
SU
or, T P;
Using limit 8A; — 0,
U _
aa, = Fi | :

This theorem is also-applicable to the system of morments and the resulting angular

deformations, thus ou = 9

M,

This principle is widely used in analysis of structures.

_ 11.4.2 Theorem II

The partial derivative of the strain energy of a linearly elastic structure k( represented in
terms of forces) with respect to any force P;at coordmate Jisequal to the dzspl?zcement 4;
at coordinate j.

Mathematically, g_g e - (119)
j
Proof
We assume a set of forces Py, P,, ..., J, ...,P, acting on a structure at coordinates

L,2,....J, ..., n,creating displacements A, A,, ..., A;, ..., A,. Now, we impose a
small increment SPJ- to the load at coordinate j keeping the forces at all other
coordinates unchanged. As a result, the increment in the displacements are

Ay, 84y, ..., 84, ..., BA,. The increment in load at coordinate j and the consequent -

increments in displacements at all the coordinates is considered as the second set. We
are showing the two sets of forces and corr¢sponding displacements in Table 11.3.



Table 11.3
Set Coordinate 1 2 - J - n
l -
P Py | ) - P; - " Pn
! A Ay Az - A - Av
4 0 0 0 5P 0 0
1 A 8y | BA2 T BA; - B4n

" The work done at the coordinaté j during these displacemems will be
SPA; = Pi8A; + PBA, + ... + PBA + ... + PBA,

or, 8PA = U
U
Or., 3"};’- = Aj
Using limit 8A; — 0,
U
k=Y

This theorem is extensivelly used for determination of displacement in a structure of both the
determinate and indeterminate types.

In fact, it is a powerful tool for the analysis of the structure.

11.4.3 Statically Determinate Structures

In the case of determinate structures, Castigliano’s theorems may be applied in the
following ways :

(a) Imcase of rrusses where axial forces (S)are predominant,

Ao 9U _ (S (3s),
77 oP; ~ ' AE|oP; (11.10a)
(b) Incase of beams and plane jointed frames where bending moments (M) are
predominant,
AU MM, |
4=3p, " & [anst (11.10b)
{¢) Incase of shafts where torsion (T) is predominant,
T (9T
4; = IGJ (apj)ds (11.10c)

If there is no load at the coordinate j, we assume an imaginary or dummy load acting at that
particular coordinate for finding out the displacement equation and uitimately we put the
value of the dummy load as zero which is known as dummy load method. An elegant way
to analyse the displacement of structures considering the dummy load as unit force is
popularly known as unit load method.

Then, the above expressions become as follows :

A; = I ———S:gs _ For trasses (11.11a)
A; = M—'I'JLI@ For beams and frames (11.11b)

_ (Ttds . (11.110)
8= 175 For shafts

Energy Methods
and Applications

41



Indetermithate
Struetures - {1

42

- where u = [

d

[ 75

!

] = force in the members due to unit force at coordinate j

o w
R

-

I = [8 P ] torsion in the members due to unit force at coordinate j

) = bending moment in the members due to unit force at coordinate j

QJ
"‘]-:U

Interested students may see the problems on determinate structures applying these theorems - -
from any standard book of Theory of Structures suggested in section, “Further Reading”.

Before concentrating the application of the above theorem in the statically indeterminate
structures, we just explain the Minimum Energy Theorem which is closely linked to
Castigliano’s second theorem.

1L5 MINIMUM ENERGY THEOREM

In any and every case of statically indeterminate structure, where an indefinite number of

different values of the redundant forces and displacements satisfy the condition of statical

equilibrium, their actual values are those that render the total strain energy stored to a
minimum.

oU U »
Fa 0 and —— v is positive (11.12)

where X = redundant force.

In general, the strain energy stored by a structure subjected to bending and/or axial loadmg
is given by

Therefore,

2 2
U=I%E(;s' B

We consider a continuous beam with reaction X at A which i is treated as redundant as shown
below :

Here, v, and V= reactions at B and C.
W,, W,, W, = External loading

According to Castigliano’s second theorem, displacement at A

Ay = %—;} where U = strain energy stored by the beam.
Due to no displacement 6f the support A, we have, A, =0.
oU

Thus, - 0, which satisfies the first condition of the Minimum Energy Theorem. It

is also applicable to all types of forces such as axial force, twisting moment, bending
moment or a combination thereof.

. Wi W
A L B ‘: Lv‘, ¢
P -
Figure 112

" Now to test the condition for maximum or minimum value of U

U _ (Mds oM Sds
ax“IEI ' I (ax) 0

Differentiating again we get,

2

2o il ) - (2 ]



The bending moment M at any section or the force S in any member is a linear function of X,

2 2
3—1;(4- and % = Constants, and (%Mf} and [S—i] = positive value |
2 2
a M _9S_,
X’ oxX’
2 .
e positive value which indicates that the stored strain energy is minimum.
Example 11.2 ’
Find the reaction at the prop of a propped cantilever beam loaded as shown in
Figure 11.3.

w-per unit length

L o I'—z—j Rg=X

Figure 11.3

Solution

Let X be the reaction at the prop (considered as the redundant reaction)

<. B.M. at any section distant Z from l§, M= Xz- %

! 2
: 2
- Strain energy stored by the beam=U = IA;—;IZ = J[Xz = ﬁ] .

By the Minimum Energy Principle LY

e3x = Y

!
- We get, IZ[Xz—E}zﬂ—O

2 2FI ~
X 1 1
8 w .
or, Zl | 2dz - 2EI'[ 2dz =
¢ [
or X—P———Wﬁ =0
’ 3EI  A8EI ~
3
or, - X = gwl

Knowing Rg=X= % wl, we can find out all the reactions at the support A.
Example11.3 - ‘ k

Determine the reactions at the supports of the continuous beam loaded as shown in
Figure 11.4 by the principle of least work.

—_—X w-per unit length

Figure 11.4

Solution
Let the reaction at B, Rz =R (considered as redundant reaction).

From symmetry, we get reaction at each end.

Energy Methods

and Applications
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wl—-R

RAOI’RC= 2

B.M. at any section in AB at a distance x from A

- (WI-R) w2
M—[ 2 }t— 2
Total strain energy '
1
2
_ wi-R_  will dx
v= -[2151 ‘2;[[ 2 T2 | 2m
! .
1 fTwi-r w2l
wi— W.
—ET{[ 2 2]z’
oU
Byme;mnclpleofleastwork 3R =0
1
1t [wi-R_ wi] (x
We get, El { Z[TX_T] (Ejdx =0
L M .
1 t{we wi-R
wE w
or, H I[ x’]dx =0 _
I .
1 1 1 »w R o
or wit wl“+Rl3
’ 128 48 " 48
or, R=§wl_= reaction at B
m—%m
andrea;:tionatAorC = 2 = —6wleach

Example 11.4

Determine the forces in the members of the truss loaded as shown in Figure 11.5 (a).
The sectional area of vertical member = 3000 mm?; honz.ontzgl member = 4000 mm?
and diagonal members = 5000 mm’ each. The membes are of same material.

_ ON 60N
I 8 ¢ o} 3
3
4 a . A
H w8
—tm tm f— o —]
Figare 11.5 (a)
Solution ' .
Degree of redundancy of the truss, D = m+r—2j
| ' =14+3-2x8=1

a4 DciDegreeofextemtlredundmcy=r-—3=3—3=0 \



<. Degree of internal redundancy =D, = D-D, = 1-0 = 1 -

Let, DH member be redundant. Axial force in the member DH = X (say). So, we can
analyse the given structure by the following two equivalent structures.

Figure 11.5 () ‘
Here, S$,=P,+P,,S, = P, + P, and so on [Figure 11.5 (b)].

Here, §,=P,+XK,, S,=P,+ XK, and so on [Figure 11.5 (¢)].-

h 121 1
. Total strain energy stored by the frame = U = Z

I
= Y (P, + XK,)? AE

. According to least work principle 3—¥ =0

Klll
= Y 2(P+XK) AE " 0

P}, K2
or, Z AE +XZA1E =0
AE
or, = - —
lezlx
AE

Now, we solve the p'robiem stepwise.
Step 1 : Evaluation of P, etc.
We remove the member DH
M, = 0 = V;x12 - 30x4-60x8
or  V,=50N andV, = (30+60)- 50=40 N
From the joints Aand F, P,, =P, = 0

We get, tan(-)=%, sinO=-§° and oos9=%
At Joint A

P, = 40 N (compressive)
At Joint B

Pyysin =40 =>P,, = %N(tensue)

200 =—cos9 = 160 — N (compressive)

Pbc 3

Energy Methods
and Applications
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At Joint H
P, = 2%03in9 = 40 N (compressive)
=20 o 160 -
Py = 3 cos @ = 3 N (tensile)
_ AtJoint C
. 50 .
P,sin® =40-30 = 10 => P, = TN(tensﬂe)
P, = 1_;’)9 + %O cos 6 = A:Q N (compressive)
At Joint D
P, = %’Q N (compressive)
Pdgi = 60N (coinpressive)
AtJoint E
g2 200 o250
P cos6 = 3 = P,,= 3 (tensile)
Pef = 2;_0 sin 8 = 50 N (compressive)
o N 60N ’
B 1803 i 2008 o) 2003
20073 50, %0/
0 Lo g e
Has0_a] 0 UL 2
> > x >
Vol=40N Ve[=SON

. Figure 11.5 (d) : P-forces in Truss Members
Step 2 : Evaluation of K| etc.

We remove the external loading and impose a pair of unit loads (tensile force in
member DH) at D and H in place of the member DH.

Here,V, = H, = V, = O and
Kab= Kbc= Kbh= Kah= K‘,‘= K('f= ng = Keg =0

At Joint H
K,, = 1xcos0 = %N (tensile)
. 3 .
K,. = 1xsin® = EN (tensile)
At Joint D
'Kdg = 1Xsin® = %N (tensile)
4 .
K, = 1xcosd = 5 N (tensile)

9 c Y5 o 0 E

X
of W Ny [ 0

- £
H 45 6 0

Figure 11.5 (e) : K-forces in Truss Members



At Joint C
Kl,g sing = -:;- => K= 1 N (compressive)
Step 3 : Table

We assume the compressive force as riegative and the tensile force as positive. Now
we fill up the above results in Table 11.4. ‘

Table 11.4
Member | P K L A PKL KL F=P+KX
™ | N (mm) | (@m?) A A F=p-Blg
6
AB ~ a0 0 3000 | 3000 0 0 _40(C)
BC | 160 0 4000 | 4000 0 0 ~53.33 (C)
3
e | 200 [ _4 | 4000 | 4000 160 | 16 ~492(0)
3 5 3 25
DE | 200 0 4000 | 4000 0 0 ~ 66.67 (C)
al
EF - 50 0. | 3000 | 3000 0 0 -50(C)
FG o | o 4000 | 4000 0 0 0
GH 160 | 4 4000 | 4000 | 128 | 16 70.8)T)
3 5 3 25
HA 0 0 | 4000 | 4000- | 0 0 0
BH | 200 0 5000 | 5000 0 0 66.67(T)
3
HC - 40 3 | 3000 | 3000 | +24 9 - 12,90 (C)
5 25
cG 50 I | 5000 | 5000 50 1 ~5.17(C)
+— +=
3 3
GD | -60 | -3 | 3000 | 3000 | +36 9 —469 (C)
5 2
GE | 250 0 5000 | 5000 0 83.33(T)
3
DH 0 1 5000 | 5000 0 1 ~21.83 (C)
S| L2 | 4
3
Step 4 : Correcting Factor X
ZPlKlll 262
X o= AE 3)_ 1
L 4 6

Step 5:

2oz

Force in the members

Force in the member § = P+ XK
Sz = —40+0 = — 40 N (compressive)

Spe = — =t 0 = —53.33 N (compressive)

200 4 131} . N
S =— 5 3% [_ T] = - 49.2 N (compressive)

160

Energy Meﬁlodt
and Applications
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Structures-11 ‘LSd‘, = ——3—+0 = — 66.67 N (compressive)
_S,,f = - 50+0 = - 50 N (compressive)
Sfx = 0+0 = 0 .
_ 1o ( 4)(_131
Sen = 3 +[ SJ[ 5 ] 70.8 N (tensile)
S, =0+0=0
Sbh = —2'(—”i+0 = 6667N(tenslle)
T 131 .
Sp. = —40+ -269N (compressnve)
131
ch = +-—-+1><( o |= —5.17 N (tensile)
Sea = — ( ][ 131J——46.9N(compressive)
Sge = 220 +0 = 83.33 N(tensnle)

Ssp=0+ (f 1%1] = —21.83 N (compressive)

Figure 11.5 (f) shows the final forces in the members.

Figure 11.5 (f) : Final Member Forces in the Truss

Example 11.5
Determine the forces in all the members of the pin jointed frame [Figure 11.6 (a)] if
the member AC is 1 mm short of the required length and the last member to be fitted.

Assume area of each diagonal members = 1000 mm?, area of each remaining
members = 2000 mm? and E = 200 kN/mm?.

c _ ' ) -3 55(
B ‘ B - / - C
. < ﬂ
- m 45 x| . -4f5 X
‘ .
' ‘L Ha=0 |/ | b
A 9No ‘ 35X
1-5m : V=0 Vp=0
Figure 11.6 (a) Figure 11.6 (b)

Solution
Total degree of redundancy of the frame = m+r—-2 = 6+3-2x4 =1
Degree of extemal redundancy=D, = r—3=3-3 =0
*. Degree of internal redundancy=D; = 1 -0 = 1

~ Let the member AC be redundant and unknown force (tensmn) in it when it is fitted
into position = X

48 ' \ We assume £ CAD = £ BDA=8



2 4 Energy Methods
. tand = 15~ 3 and Applications
. 4 i _3
» sin@ = 5 and cos 0 = 5
AtJoint C
Sq = Xsin@ = %X (compressive)
3 .
Sp = Xcos = -5-X (compressive)
AtJoimt D
Sg8in 0 = %X =>38y = X(tensile)
' 3 .
S4 = Xcos @ = EX (compressive)
AtJoint A

Sp = Xsin9 = %X (compressive).

The forces are shown in Figure 11.6 (b).
~. Total strain energy

S2
v=2 24E

© . 2 2
X2 %2500 (4 2000 3 1500
=2 (2 xlOOOEJ *2 ?‘{[sxl 2 20005} *2x [[5’(} 2% 20005}
_SXE 1eX? 27X 341X
, T 2E ' 25E " 100E © 100E
According to Castigliano’s second theorem,

Displacemnent of C withrespect to A = A= U

aX

o A o 2x341X
= T100E

But we know that A = 1 mm (positive, since short)

2x 341X
Therefore, 1= 100E

‘ : 1 x 100 x:200
Thus, | X = "%
. Tension in the diagonal member = 29.32 kN each.

= 29.32 kN

Compression in the vertical member = % % 29,32 = 23.456 kN each

Compression in the horizontal member % %2932 = 17.592 kN each,

.~ Note :

If the member AC is little longer.than the required length, compression will

develop in this member, therefore, A will be negative and we can analyse the
frame due to lack of fit in the same manner.

Example 11.6 _ ,
Find the tensions in the wires AD, BD and CD having the same cross-sectional area
and of the same material supporting a load W at D as shown in the Figure 11.7 (a).

Prove that the horizontal displacement of D is eqaal to %th of extension of BD., . ‘
_ Y
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Figure 11.7 (a) : | : Figure 11.7(b)
Sciution
F:rstPart
Totﬂdegreeof:ed\mdmcyofmefﬂme =m+r-2
=3+(3x2)-@4x2 =1
Degreeofextemalredundmcy- 6-3-2=1
Therefore, degree of internal redundancy = 1 -1= 0
Let the tension in DA, DC and DB are P, Q and R respectively. _
We assume R, the reaction at B which is vertical as redundant since the tension
in the member DB = R,
Again we sssuime < BDC=8
~. £ EDA =@, since A ADC is a right angled triangle.
- 3 ... 3 . o 4
N Hete.tane-“‘ sm0-5 and cos()-5
AtJoint D _ ,
Pcos® = Qsin® = P=0Dwnd
3
=3¢ W
and  R+Psin6+Qcos® =W
Putting the. values from Eq. (i),
3 3 4)_
R+[4 xQx5]+(Qx5] =W
5 .
or, R+ZQ =W
4 _
Q=35W-8 : : (i)
From Eq. (i) and Eq. (ii), we get, P = %(W—R)
Total strain energy stored by the frame
U= P°AD  (PDC R°BD
T 2AE ' 2AE ' 2AE
S5 52 +3.750% + 3K
e L oU
According to Minimum Energy principle, i. IR
oP _ 90 _
= ZAE[IOPaR+758R+6R] 0
or, IOP"[ §]+75Q[ )+6R -0
50 _




Putting the values, we get

10x3 3 7.5 x4 x4 _
—[ 5 (W R)] [—5)(5 (W—R)]+6R_Q

—-15§(W—R)——(W¥R)+6R =0

: ‘ 7
, =—W
Thus, we get, ; R 13

Now, putting the value of R to get valucs of P and Q,

3 _3 Twl-¥W
P=5W-R= S[W 12W]‘ 4
4 . ) W
Q=5W-R= S(W 12W}‘ 3
Second Part
Horizontal component of the extension of DA,
P W 4
AExSws 0= 4AEX5X (rlght)

Horizontal component of the extension of DC

0 W 3 05W
SEX3755in0 = T AT5x G = S (left)

Horizontal displacement of D = Algebrical summation of the horizontal
component of the extension of DA and DC.

W 0I5W
AE " AE 4AE( ight)

Rx3 _Twx3 TW
AE ~ 12AE ~ 4AE

Extension of BD =

Thus, horizontal displacement of D = % of the extension of BD.
‘Example 11.7

Analyse the portal frame, having the members of same moment of inertia and loaded
as shown in Figure 11.8 (a). Draw the bending moment diagram,

2632727 N

Figure 11.8 (a) . . Figure11.8()
Solution

Total degree of redundancy = (3 x No. of loops) - No. of releases at the supports
=(3x1)-2=1 ‘

We assume the horizontal thrust a at support A as redundant and vertical reactions at
A and D are V, and V,respectively.

IH=0 = H,=-H, = H(say)
M, =0

Energy Methods
and Applicatiens
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Stractares - 11

Taking moments about A, we get, (VX H+Hx3)=30xdx2

Thus, .V,,=60—%H and _V,,=60+%HU

Here, U J‘ M’ds

According to Minimum Energy Principle, %% = 0, thus,

M (M
El(an]d‘ 0

.For this frame of uniform flexural rigidity, EI = constant

Hence, ) M(BMst =0

oH
Now, we prepare the following Table 11.5.
Table 12.5
Member M aM Limits of integration
: oH
AB - Hy -y 0t 6
DC - Hy -y 0to3
BC | [oso+§4ﬂ ~15% ~6H %’-ﬂ 04

Assuming the bending moment producing concavity outside the frame as positive
bending moment and that producing convexity outside the frame as negative bending -

IHy’-dw in dy+1[(60+;4’1]x— 1512—6H](2— 6de =0

, 4

6 3 4 9 v .
J'Hy’dy+IHyzdy+I(135xz+Esz—9Hx— 11252 — 360x + 36Hde =0
0 0 0 ’ :

On further simplifying, we get
33 43 43
Hx—+H><—-+135x—3—+-—Hx——9Hx-{— 11 25xj‘-—360x?+3611x4 0
495

of, . =37H =720 = givingH = 43636 N

Thus, V, = 60+ % (4.3636) = 63.2727 N
V, = 120-63.2727 = 56.7213N

Now.weputthevalues of H,V,and V,in Figure 11, 8(b)andcancalculatetheBM
at different points as given below :

BMatd = 0

BMatB = —4.3636 6 = - 2618 N m

BMatC = -4.3636x3 = —13.09Nm

BMatD = 0

30x4?* >-<42 '
BM at mid of BC due to external loading = =+60Nm

Net BM at mid of BC = + 60 - [2618 13.09

4

% 27.09 :l = 40.365Nm
The bending moment diagram is shown in Figure 11,8 (b).



Example 11.8
Analyse the frame shown in Figure 11.9 (a) made of the members of similar flexural

rigidity.
- *“”_a -675Nm 60N
‘ C
y ‘ b.l‘e. R
o-1-Smeet- \e~2775N
&m
. , Hawm0
« . MgZ675
A . Mot "Ny -32.26m
Figure 11.9 (a) Figure 11.9(b)
Solution

Total degree ofredundancy of the frame 3m+r-3j = (3x2)+4- (3 X 3) = 1
Degree of external redundancy=r—-3=4-3=1
Degree of internal redundancy=1-1=0

- - Letthereactionat C=R as redundant,

Total strain energy of the frame, U = ZJ 2EI

+ I(3R 6Ux 1572 .

U= I R 357 2EI

1.5
+ [(Rx+1.5) -6 L&
0

ZEI 2EI

Assuming the bending moment producing concavity outside the frame as positive
bending moment and that producing convexity outside the frame as negauve bendmg
moment.

According to the Principle of Minimum Energy, % =0

Thus, we get,

15
J’M+I2(R(x+15) ooy L, Izm %) 557

2E1 2E1 2E1 & =

. _15 »
or, %(1.5)3 * %[(x+ 1.5)3]0 B ?(1-5)3 - 7(1.5)2 +9(R-30)4 =0

o, R=2175N=V,
oV, = (60-2775)N = 3225N
* Now we can calculate the BM at different points as given below :
BMatC = 0 '
BMatD = +27.75%x1.5 = +41.625Nm
BMatB = BMatA = (27.75x3)~ (60x15) = ~675Nm

Now, we put the reaction and moment values in Figure ll 9 (b). Let the point of
contraflexure be at a distance x from D,

Then, 27.75(x+1.5)-60x = 0 giving x=129m
The bending moment diagram (BMD) is shown in Flgure 11.9 (b).
Example 11.9

A semi circular arch of uniform flexural rigidity, having one end hinged and other
end placed on roller subjected to a horizontal force P as shown in Figure 11.10 (a)
- Find the horizontal displacement of the roller end.

Energy Methods
and Applications
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Figure 11.10

Solution
' Due to equilibrium, H, = P
(._

BM at a section X making an angle 6 with the horizontal, M = Prsin©
Here, the elemental length of the arch, ds = rd0

IMzds JPzrzsmzerdO Pr 1:

*, Total stram energy U= 2El El 4

Let the horizontal movement of the roller end be A,

Thus, the external work done by P = % PA

By equating total strain energy to external work done, we get,

_PA_Z EI

It gives the displacement of the rollerend, A =

2EI
Example 11.10
Determine the vanous reactions of a thin semicircular ring lying in a horizontal plane

having bth ends clamped subjected to a central vertical force P perpendicular to its
plane as shown in Figure 11.11 (a).

Figure11.11

Solution

_ As the plane of loading is not in the plane of the structure, there will be twisting
moments in addition to bending moment and vertical/horizontal reactions at supports.
P

From symmetry, we get,V, = V_ = 2

) | and (BM), = (BM)c = S xR = £

Let the other reaction that is twisting moment acting at each of the support be T,.

Now, we consider an arbitrary poini o of the segment of the nng making an angle 0
- at the centre (where 0 <9 < %).

BM at 0 about oa axis, M = gRsinG—%cose—TosinG
54



Twisting moment at © about ob-axis, T = -12-); (R - R.cos 9) — %& sin 8 + T,co88
Total strain energy of the ring
| _[Mds  (Tds
2EI 2GJ-
Since angular rotation both at AandC =0

According to Castigliano’s second theorem, g’l—'_ =0,
0

aMdc Tard

QQ_ri’ LY
oT, * EI G

~ For this frame, being symmetrical, we have of AB and AC portion and ds = R 46

2 MaM ‘ 2 TaT

2[ ——Rdo 2[ ——‘—’Rde =0
Substituting the values of M and T, we get

/2 [PZR sin 6 — !;_5 c0s.9 — T, sin 6}

El

_ (—sinB) Rd9 +
a

[§~(R—R.cose)—%@sin9+Toqos6]
- </ - (CosO)Rd® =0

2- 1L'+2 n}
2 El GJ
T, =
x_T S -
[EI GJ] -
Example 11.11

A two-hinged symmetrical paraboln. ‘arch has a span of 30 m and rise of 7.5 m. The
moment of inertia of arch section is proportional to sec 8, where 9 is the slope of the
arch axis at any point with the horizontal. Determine the horizontal thrust caused in
the arch due to rise of temperature by 25°C.

o3

Finally, we get,

Given E = 2 x 10° kg/cm?; Coefficient of thermal expansnon, 0.=6x 107 per °C; and
Moment of inertia at the crown, I, = 125 x 10* cm

1
C;/ o
75m
'R}
A :
— 0m -]
~ Figunu.lzf '

Solution .
Total degree of redundancy of the arch =3m+r- 3] = (3 x)+4-(3x2) = 1
Degree of external redundancy = 4 -3 = 1
. Degree of internal redundancy = 1 -1 = 0

Energy Methods
snd Applieations
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 Indeterminate ~ Let the horizontal lhrust H developed in the parabohc arch due torise of temperature
Structures - Ik be treated as redundant.

In the problem, span, / = 30 m = 3000 cm
Centralrise,y, = 7.5m = 750 cm

Rise of temperature, t = 25°C

Modulus of elasticity, E = 2.0 x 10° kg/cm?
6 x10" % per°C

Moment of inertia at the crown, o = 125 x 10* cm®

Coefficient of linear expansion, ¢

‘The horizontal expansion prevented by the hinges = alt
BM on any element of the arch at a height y above the support, M = Hy

According to Castigliano’s second theorem, g—g = lout

total length of arch
M (oM
El (ay)d ot

total length of arch

o >

or, E IM adt [since, I= I sec 8, and ds = dxsecO]
: B Iysec®

or, ’ H =+ :

f 7 ax

]
‘ . 4
For parabolic arch, I Ydx = T8-5- ¥:2 s equation of the arch being y = —°
0

) 15El, alt
Thus,’ we get, = —8_)77

~ On substitutihg the values, we get

_ 15x(2x10% x (125 x 10% x (6 x 107%) x 25
N 8 % (750 x 750)

= 1250 kg

Example 11,12

Find the forces in the members FD and DH of the frame shown in Figure ll.li(a)
haying the ratio of length to the cross sectional area of all the members as same.

c D £

A : L \ . N S g

] 'i: L 4N 4N

RA™ hm a4 - Amospe-dm- Rp
56 /
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Solution : : ' _ Energy Methods
Total degree of rcdunduncy and Applications
_ : =m+r—2j=15+3-2x8) =2
Degree of external redundancy = r=3 = 3-3 = 0
Degree of internal redundancy = 20 = 2

Here, we assume the axial force in the members FD and DH = X and Y respectively
as redundant members

. Now, we remove the redundant members FD and DH and analyse the truss by
graphical method [Refer Figure 11.13 (b)].

From the vector diagram, we calculate the forces in the different members [Refer
Figure 11.13 (¢)]. '

L RS/ T NL
P )
N " M
3IN &N 4N SN
Figure 11.13 (b) ) Figure 11.13 (¢)

Ndw, we impose a unit tenSile load in the member FD [Figure 11.14 (a)].

Figure11.14 (a) ’ - . Figure11.14(b)
At Joint D |
| Kpe = VIEN(-compression)_ | KpG = JIEN (compression)
g At Joint F k .
Kgg = QI-Z-N(compression)’ ‘ Kge = qlz'—N'(compression)
At Joint C

Similarly, we impose unit tensile load in the member DH [Figure 11.14 (b)].

At Joint D

Kyt = IVIE N (compression) Kpg = 715 N (compression)
AtJoint H

Kys = 715 N (compression) Ky = 715 N (éompression)
AtJoint E. | )
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Now, we put the value of the forces in the different members asdeterminate truss,
imposing unit load in FD and imposing unit load in DH in the tabular form as shown
in Table 11.6, assuming tensile force as positive and compressive force as negative.

Table 11.6
Member P K K. PK | PK' | g? K? KK’
AC | =32 | o o |.0 | o 0 0 0
D | _g0 | _1 0 6 ) 1 0 0
) W ‘ +72— +
DE | _¢o0 | o _1 o 6 0 1 0
_ z ' *2
EB | -5\2 | o 0 0 0 0 0 - 0
AF | +30 0 0 0 o | o 0 0
FG 1 430 | _1 o | .23 0 1 o | o
z z *2
GH +5.0 o | _4 0 3. 0 1 0
: z 2 *2
HB | +50 0 o | o 0 0 0 0
CF 0 _d 0 0 0 1 0 0
2 2
FD 0 +1 0 0 0 +1 0 0
CG | +3W2 | +10 0 + 32 0 +10 0 0
DG 0 1 ! o | o L 1 1
: VZ | V2 7 | T2 | Tz | ™2
DH 0 0 +1 o | o | o | 41 0
EG | +VZ | o +1.0 0 +2 | o +1.0 0
EH ‘ 1 4 1 |
+4.0 o | _ o | - 0 1 0
1z z *2
= 9 _d +4.0 +4.0 1
, )y 7 z *2

'

Since we assume the force in each member= P+ KX + K'Y

. o
Total strain energy of the truss, U = Y, (P+KX+K'Y)C

2AE
By minimum energy principle the redundant force X and Y should be such that
W _ o g g
aX aYy = .
Thus, we get,

PKI K1 g

X7E Z Z =0
» PK'l % Lo/
and X FYX R XX

For this problem, since I/A and E are constant for all the members
Therefore, '

YSPK+ X2 K+ YI KK =0

or, + % + 4X + lY = 0 (substituting the 2 values from Table 11.6)

2
o109 (i)
o, 4X + 2Y— _TZ-



i B ’ 2, ’ __ Energy Methods
Again, N PK + YK+ XY KK =0 acd Applicaionn

or, —\l% + 4Y + %X = Ok(subslimtiug the Z values from Table 11.6)

1 1
or, 2X + 4Y = Y

or, 4X + 32Y = % (i)

On solving Egs. (i) and (ii), we get,

17

X = ('—)Z’—z\/_Z_N (compression), and Y = (+) Qa

V2 N (tension)

Figure 11.15 shows the final imember forces.

Co o 4841 D -6270 E
O 4 e '
</ 1 X6
o N al X/ g 2,
\" - < © o >
’ - x by} ;\Q / o 7
+ ‘3'6‘ + N +
9 4
A - - - B
+3.0 F  +4.459 Gp.N +5°0 HJ +5-0
Rq [=3N o : . 4N Rp= SN
Figure 11.15 : Final Member Forces
Example 11.13

142N g

Analyse the portal frame shown in Figure 11.16 (a) using unit load method. Moment
of inertia and length of the members are mentioned near the member in the figure.

10m

(@)

Figure 11.16

“Solution

Total degree of redundancy of the frame = 3 X Number of loops
Released component at the support= (3x1)—0 = 3

Degree of external redundancy = r—3 = 6-3 = 3
Therefore, the degree of internal redundancy= 3-3 = 0 -

Let the horizontal reaction at D = P, —(right) and the vertical reactionatD = P, T
be taken as the redundant reactions.

And also let the moment at D = M, (clockwise) (upward).

Since the end D is fixed, linear or angular displacement at D due to each redundant

reaction is zero. * 59
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According to Castigliano’s Theorem I1, we know

aU
QQ . J dt

oM
Using unit load memod this equation may be written as follows :
‘ M (M
Y =)E [apl}dx 0

4, = IEI[BP ]‘i’
and IM(ar,]d” ;

We fill up the table (Table 11.7) as shown below :

s 10 .
[ Pr-Mx (5P, + Pyx — M;)(5)
-] gkt 4El

0

0

lf{lOPz—M3+Pl (s—i)—ll.ml(s—x)d
. X

4EI
or 150, +75P,~ 30M, + 278 = 0 - | )
. ®(sP 4P~ M)@ 10— My + P (S 1. 12:1(10)
A = { 4El -[ 4E] . =0
or, 75P,+400P,—45M;— 1668 = 0 | (i)
S 10 :
(Px-M)(=1) (SP,+ Px— M, (- 1)
8=] 7o) 4El
‘f [10P, - My +P (S—0) - 1LI2A D)
o 4El
0
Table 11.7 |
_ Portion of the DC CB BA
Frame ‘ ‘ ,
Moment of 1 o 4a | ' 41
Inertia - : ,
Orign p | B
Limits | 0twS 0t 10 : - 0w10
M | (Px-My) | (SP1+Px—My) | [10P2=M3+Pi(5—0)-11.12y] -
M | x s 6-n
M ' 0 x . 10
P2 I .
oM -1 -1 o -1
M3

 Solving the Egs. (i), (ii) and (i), we get,

Py =-763N;
P, = 3.27N; and



Now, we can determine the BM ordinates as follows :
BMatD = M;, = —20.71Nm y
BMatC = My = —20.71+(7.63x5) = +1744Nm_ )
BMatB = M, = 1744-(327x10) = ~1526Nm
BMatA = M, = -1526+(11.12x10) = +95.94Nm

Assuming the bending moment producing tension at the outer face as positive and
drawn on the compression side of the frame, the bending moment diagram is shown

in Figure 11.16 (b).

w A %
T :ﬁ! 1

e

s e, g, S o (an . o ) .
R T e AN T T
s

{
A

BALY D

Three wiion AD B and (0

a andd same matenals
=7 in Figure 1118,

CHEITVURE & i

’\_‘ e
. £
TN 3
e 4 - i

T ¢ ; H !

) q i g { ,

. ot

4 P P

N E

A4 L i

Hoitl. SO

o Figure 1112

ATV G

Troure 11,20, The

o] o shown in

arerial,
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20N
|-<—2m _"'_9——'2"?—."1
Figure 11.20

(a) Analyse the two hinged portal frame loaded as shown in Figure 11.21.

(b) Find the maximum positive and negative moments in a ring of radius R having
same cross sectional area and of same material throughout. The ring is
subjected to the action of two equal and opposite vertical forces at the
extremities of the vertical diameter showr in Figure 11.22.

Find also the contraction in the lengih of the vertical diameter and expansion in
the length of the horizontal diameter. Assume strain energy stored in the ring is

due to bending only.
8 ¢ .
S
2 Njm | .
A i QSD
Lm—a)
Figure 11.21

SAQ6

Analyse the two hinged-frame having the members of uniform flexural rigidity a
shown in Figure 11.23. The joint C is rigid. Draw the bending moment diagram. .

| tm-ode 4m —-L——Gm;—'l

Figure 11.23
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11.6 MAXWELL’S RECIPROCAL THEOREM : Energy Methods

and Applications

Clerk Maxwell developed a fundamental theorem based directly on the principle of
conservation of energy and the principle of superposition which is appllcable to both
determinate and indeterminate structures.

Statement

In a linearly elastic structure in static equilibrium, the displacement at coordinate i
due to a unit force acting at coordinate j is equal to the displacement at coordinate j
due to unit force at coordinate i. ~

Mathcmatically,
= i
Proof

We impose a displacement A; at coordinate i without any displacement at coordinate j
in the structure shown in Figure 11.24.

Figure 11.24

Here, the force at i = K;; A; and force at j = Kj; A,

Work done due to displacement, A; = —;-x K; A xA; = -;— x K;; A? (11.13)

Next, we provide a displabement A;at coordinate j without any displacement at
coordinate i. '

Thus, addmopal force ati=K; A; and that at ji=K; AJ

Since the displacement given only at coordinate j here, we get

- Work done due to displacement A; at coordinate i = (K;A) A; and (11.14)
Additional work done due to displaccment A, a coordinate /
l 2 :

A A = x K A; (11.15)

- Total work done due to displacements A; and A;

= sum of Egs. (11.13), (11.14) and (11.15)
%xK;-,- A? + %

Total strain enefgy stored /by the structure = U ‘(11.16)

2 .

Now, we provide the dlsplacemert in this structure in the reverse order, i.e. at ﬁrst we
provide A; and then A;.

Work done due to first displacement A; at coordinatej = % x K Af aL17)

Work done due to second displacement A;atcoordinate i = (K;A)4; - \(11.18)
Additional work done due to second displacement A, at coordinate j '
. ' .

= E><Kﬁ A? ’ (11.19)
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-, Total strain energy due to displacement A;j and A;

U= 2xK;a} + Ky A + 2 xK, & (1120)

Since the strain energy stored U does not depend on the order of displacement
provided, so the value of Eq. (11 .16) and Eq. (11.20) should be equal.
Comparing the two values, we get ‘
\ K; = K;;
In this theorem, the word “displilcement" means linear deflection as well as angular

rotation. Similarly, the word “force” means both load or couple.
Example 11.14 - ‘ '
Find the displacement at cootdinate @ of the two-hinged arch as shown Figure 11,25

due to a 15 N toad acting at coordinate @. Given, a couple of 50 N m at coordinate @
creates a displacement of 0.005 m at coordinate ©.

Figure 11.25

Solution _
Here, in this problem, we have \
Displacement at coordinate ® due to a couple of 50 N mi at coordinate @ A = 0.005 m

- Displacement at coordinate @ due to a unit couple at coordinate @ = 0—?8—5 m
Therefore, K 12 = 0.0001 m | ‘
According to Maxwell’s Reciproéal Theorem, we have

TK 2= Ky
, Thus, - K3 = 0.0001 radian which is a rotation. -

Here, the rotation at coordinate @ due to a load of 15 N acting at coordinate ®
= A, = K,; x Force at coordinate ®.

= (0.0001 x15 = 0.0015 radian

11.7 GENERALISED RECIPROCAL THEOREM OR
BETTI’S THEOREM

i .
This theorem is also based on the principle of energy conservation and the principle of
superposition applied to both the determinate and indeterminate structures subjected to the

- action of several forces and displacements.

Statement

In a linearly elastic structure in static equilibrium subjected to two system of forces,
the virtual work done by the first system of forces during the displacement caused by
the second system of forces is equal to the virtual work done by the second system of
Jorces during the displacements caused by the first system of forces.

Mathematically, :
U=23PN=3PA

’



"

Prdot
Let the first system of forces be P;, P, and P, and the corresponding displacements at
coordinates 1, 2 and 3 are A;, A, and A, respectively.

Let the second system of forces be P,’, P,” and P;" and the corresponding
displacements at coordinates 1, 2 and 3 are A’|, A’, and A’, respectively.

The virtual work done by the first system of forces in undergoing the displaceménts
caused by the second system of forces,

U= PN +PA)+ PN,

where,

VA'l = 8Py + 81,Py + 813Py’

4% = 8Py + 8Py + 8y3Py

A%y = 85 Py + 85,P) +833Py
Thus, we get

U = Py (3Py +312P) + 813P3) + Py (B Py + 8Py + 8Py +

- P3(85,Py +85,P) +85,Py)

In the same manner, we get the virtual work done by the second system of forces in
undergoing the displacements caused by the first system of forces,

U = P/A, +P/A,+ P/A,
Similarly, we get, |
U = P 8Py +81aPy + 8y3P3) + Py ByyPy+ 8Py + 8psPs) +
_ -Py (83,Py +83,P; + 8y,Py) '
From reciprocal theorem we get, 8 = §;
Thus, we get the virtual work done by thg two conditions are samé, ie.

2PN = 3PA

'Example 11.15

A continuous beam is subjected to two systems of forces and displacements as shown
in Figure 11.26. Find the upward deflection at the coordinate where 9 N is acting in
the system I1. ’

10N 15N 0002m n 00g1m 20N

A
- o.oo;' m  0003m  0.004m
e 4 40.00im BN 12N
0005m -
A ~<" $( C "~
10N SN - 9N
Figure 11.26

Shlution

We give the numbers (1), (2), (3), (4) and (5) to the coordinate where forces are
acting and displacements are shown or to be found out (Figure 11.27).

Now, we tabulate the values of forces and corresponding displacements in the two
systems as shown in Table 11.8. -

Taking downward forces and 4displacements as positive and upward forces and
displacements as negative, we get

_Energy Methods

and Applications
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I 1]

°Pe. @

A B - D
e A LA A
Figure 11.27 ' ;
FPA" = 10 (- 0.005) + 15 x (- 0.001) +0+ 20 x (As)
= - 0.065 + 20A’s
Y PA = -10(0.003) - 5(0.003) + 8 (- 0.002) + 12 (- 0.001) — 9 (0.004)
= -0.109 ‘
- » Table 11.8
System Coordinates 1 2 3 4 5
. d -
1 P 10 15 0 0 20
A - 0.003 0.003 -0.002 ~0.001 0.004
1I P -10 -5 8 12 -9
& -0005 | -0001 | . - - ?

According to Betti’s law, we have

PN = FPA

]

On putting the values, we get
-0.065 +204°s = - 0.109
or A = -0.0022m
SAQ7

Table 11.9 shows the forces and corresponding displacements at nine coordinates dr

to two systems of force of a portal frame (Figure 11.28).
Find the displacement A’y due io the second system of forces.

624 O %@1@

; | ®
°_ e

2

@

Y
%

Table 11.9 (a) : System I

Coordinates.| 1 2 3 4 5 6 7 8 9
_“) .
P SN 0 3N 0 ¢ Y IN 0 -4N | 2Nm §
A - 0.001 | 0.002 | 0.002 | 0.001 - 0.002 - -
rad m rad m ~rad
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Table 11.9 (b) : Systemn 11

Coordinates | 1 2 3 i 4 5 «s 7 8 9
-..ﬂ) .
P 0 lioNm{ 4N |5Nm/| 2N 0 |1Nm 0 0
A 0.003 - 06.001 - - o002 - - 0.001 ?
m m m m

11,7.1 Miiller-Breslau’s Principle

This principle is used for obtaining “Influence Line Diagrams (ILD)” for any external
reaction or internal stress resultant, e.g. BM, SF, axial force etc. in a structure.

Statement

The influence line diagram for any function (i.e. reactionfinternal stress resultant) of '

‘a structure is given by the deflected shape of the line along which the unit load is
moving; the deflected shape being obtained by removing the external/ internal
constraint of the function and then applying a umt displacement in the direction of
the removed constraint,

The proof of this theorem is obtained directly by using Betti's Theorem. This can be seen in
any standard text book of Theory of Structures.

This principle is useful in finding out the “Influence Line Diagrams” for statically
indeterminate structures as by removing the constraint of the function, we are reducing the
indeterminacy by “‘ane”. Thus, a statically indeterminate structure of first order becomes
statically determinate. In general, a statically indeterminate structure of order n is reduced to
n — 1 for finding the deflected shape.

This is made clear by the following illustrations :
Case 1

The influence hne diagram for reaction at C(R ) for the two span continuous beam

shown in Fi gure 11.29 is obtained by removing the support C which is the constraint
for the reaction R. After removal of the support the structure becomes a statmally

determinate one [Figure 11.29 (b)] which is an overhanging beam.
Now, if a unit deformation 8. = 1 is applied at C’ the deflected shape gives influence

line diagram for R.
A B C
=

% %

A (Q) "8 Re
.
rA p_-—"_ ¢ 8

o —— = 2.

| (b)
Figure 11.29
Case 2

The influence line diagram for the bending moment at point C in the propped
cantilever shown in Figure 11.30 (a) is similarly obtained.

The bending moment restraint at C can be removed by introducing a hinge at C. The
statically indeterminate structure in Figure 11.30 (a) is now reduced to a determinate
one in Figure 1130 (b). Next, introduce unit “rotation” at the hinge at C. Since the
required force is-a “moment” (i.e. couple at C), the corresponding deformation will

Energy Methods
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be a “rotation”. The deflected shape is given by the dotted line in Figure 11.30 (c).

‘This will give the “influence line diagram” to the scale % where 0 is the total change

in slope of the two parts of the beam at-the hingé C’. Hence, -(1; will be called the
“scale factor” of the diagram.,

()
Figure 11.30
Case 3

The influence line diagram for the force in member HB is to be obtained for the
pin-jointed truss shown in Figure 11.31 (a). Obviously, the pin-jointed truss is
statically indeterminate (degree of redundancy = 1). By removing the member HB
the truss becomes a statically determinate structure. Now, introduce unit forces in
place of member HB at joints H and B as shown in Figure 11.31 (b). If the unit load
rolls along the bottom chord ABCDE, the deflection of this chord due to this unit load
system shown as AB’C’D’E gives the ILD for force in HB to a certain scale. The scale
of the diagram is obtained by dividing all the ordinates of the deflection curve by the

. amount A where A is the deformation between the points H and B (A = HB — H'B’).

Thus, -Z- is called the scale factor of the influence line diagram.

Figure 11.31

Example 11.15

Draw the influence line diagram for the bending moment at section C of the propped
cdntilever shown in Figure 11.32 (a).

Solution

Here the Figure 11.32 (b) shows the structure with the moment restraint at C
removed by introducing a hinge there. A unit bending moment is introduced at the
hinge C with the subsequent support reactions shown in Figure 11.32 (b) and the
bending moment diagram in Figure 11.32 (c) which can be verified. For finding the
deflection diagram of this beam, we use the conjugate beam method.

The conjugate beam with the }5—1 loading and the corresponding reactions are shown



in Figure 11.32 (d). The bending moment diagram (BMD) of this loading is shown in
Figure 11.32 (f) which is the deflection (8) diagram, and the ordinates are calculated
at every 1 minterval (which can be verified). According to Miiller-Breslau’s
thearem, this deflected diagram gives the influence line diagram for bending moment
at C, to a certain scale. The scale of the diagram is obtained by dividing the ordinates
by 6, + 8, where 8, and 9, are slopes on either side of the hinge C. The value of 6,

and 8, are the values of shear force of the %’7 loading on conjugate beam and is equal

to —i and —T respectively [Figure 11.32 (e)]. Total value of 9, + 0, is 8 21 Soail

the ordinates of the deflection diagram are to be divided by this constant 41822"1

the actual values of the ILD ordinates which are shown in Figure 11.32 (g).

1 ¢

AT+ | e (a)
1 Nt Lm
S E

“MA-:% Ag__\nge‘!,QLk' \%3_9 (b)
| . Rg
3

to get

-0168 _027, -0184
Figure 11.32

11.8 LIMITATIONS OF THE ENERGY METHODS

Energy methods are applicable to the structures of materials which follow Hooke’s law and

. the entire system obeys the law of superposition. These methods are not applicable ir the
event when the stresses and displacements are not linear functions of the applied loads and
the principle of superposition does not apply. Also the displacements must be very small as
not to substantially cause a change in the geometry of the structure.

11.9 SUMMARY

Energy principles and various energy methods in structural analysis giving emphasis on
indeterminate types are discussed in this unit. The basic concepts of conservation of energy
is applicable to elastic bodies as well. Since deformation are imposed on the system, the
internal work done by a structural system is a negative quantity and are restrained by its
internal forces (or stress system). The external work done by the external forces is positive.
Actually, the algebraic sum of external and internal work done must be zero.
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Indeterminate - 11.10 KEY WORDS

Structures - [I

Strain Energy

The strain energy is the work done by the internal forces due to distortion or
displacement of the body. It may be represented by internal work done or potential
energy. In elastic bodies, strain energy is released on removal of the loads or
deformation. The general equation of strain energy is as follows :

2 nd 2ds M Mids 12
o[ e B ViR Vi

where,
S = axial force
= Biaxial shear forces

M, My = Biaxial bending moments

T =_ Torsion
A = Areaof cross section of the member
A Ary = Reduced area of the cross section in the xz and yz planes
ds = Elemental length along the direction of force or stress |
E. = Modulus of elasticity o
G = Shear modulus
K = A constant based on cross sectional shape of the twisting member
known as form factor
" I,1, = Moment of inertia of the cross section about the neutral axis
- parallel to x and y axes
Principle of Virtual Work |

Ifa structure is in equlhbnum under the action of a set of external forces and is
subjected to a set of displacements compatible with the constraints of the Structure,

“the total work done by the external and internal forces during the dlsplacement must
be zero. . v

Castigliano’s Theorem-I . .
The partial derivative of the strain energy U of a linearly elasuc structure represente(

in terms of displacements with respect to any displacement A; at coordinate j is equat
to the force P; at coordinate j. Mathematically,

U

;

=Pj

Castigllano’s Theorem-I1 A

The partial derivative of the strain energy of a linearly elastic structure represented in
terms of forces with respect to any force P; at coordinate j is equal to the

msplacement A¢ at coordinate j. Mathemaucally, ,

U

P, = O

J

Minimum Energy Theorem or Principle of Least Work

In any and every case of statically indeterminate structure where an indefinite
number of different values of the redundant forces and displacements satisfy the
conditions of statical equnhbnum, their actual values are those that render the total
strain energy stored to a minimum.

oU *U

0and -

Therefore, X W is positive

where X = redundant force.
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Maxwell’s Reclprocﬂ Theorem Energy Methods

. - . . S . L, and Applicati
In a linearly elastic structure in static equilibrium, the displacement at coordinate pplications
due to a unit force acting at coordinate j is equal to the displacement at coordinate j

due to unit force at coordinate i. Mathematically,

K;=K;

" Gmeralbed Reciprocal Theorem or Betti’s Theorem

In a linearly elastic structire in static equilibrium, subjected to two system of forces,
the virtual work done by the first system of forces during the displacements caused
by the second system of forces is equal to the virtual work done by the second system
of forces during the displacements caused by the first system of forces.

~ Mathematically,
U=PA,+P,A,+PA; = PA + P)/A)+ PyA,
where, ' | A ,
Py, Pi, Py = first system of forces at coordinate 1, 2 and 3.
Py, Py, P/ = second system of forces at coordinate 1, 2 and 3.
Ay, Ay, Ay = Displacement due to second system forces at coordinate 1,2 and 3.
A}, A, A’y = Displacement due to first system forces at coordinate 1,2 and 3.

11.11 ANSWERS TO SAQs

SAQ1
Total strain energy of the beam,

2
U= | ®x-102) 2% +I[Rx 102 ~ 2000t — 2)P 2=
0

2EI 2E1

According to nﬁn’imum energy principle, g—: =0

- Thus, we geG’R = 148.704 t
SAQ2
Let reaction at B = tension in BD =R
Tension in AD and CD each = P and length of BD =/

W-R
2cos 8

' 2 2
Strain enetgy, U = 3, = S R1 [Zsz—x—l—J

v We have, P =

?_AE 2AE 0~ 24F
R4 N (W - R}
2AE * 4AE cos’®

Patting_mevalueofP,weget,U =
" - . dU .
According t0 minimum energy pnnmple,ﬁ =0 _ N
' W W cos’8
. R=——"—FandP=_—T——.
'I‘hus weget R = 2 cos® 1 +2co0s°0
SAQ3

Take the member BD as redundant Considering compresswe force as posmve and
tensﬂe force as negative.

Y PKl = - WN2(1 +12)

and Y K2 = 21 +V2)
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- Comrecting factor, X = -

ZPK! _ w2

SKY

Applying the formula F = P + XK, we get the forces in the various members as given
in the last coluron of Table 11.10. : ‘

2

Table 11.10 -

Member P K ! PKi x4 F=P+XK
AB 0 L 1 0 N3 W
_ V2 2 2
BC +w 1 i _wl I 2
N2 2 2 2
Ccb +w, 1 - v 1 W2
2 2 2 2
DA 0 1 1 0 i w
v 2 2 2
AC - w2 +1 N2 - 2wl W2 w2
. V 2

BD 0 +1 WZ 0 W2 Sz
2

Correcting factor X = -~

2PKl 160 60VZ
Y K4

Applying the formula F = P + XK, we get the forces in the various members as ‘given
in the last column of Table 11.11.

3+42

= +20\2

Take the member BC as redundant. Considering the compressi\}e force as positive
and tensile force as negative.

Table 11.11
Member P K l PKl Ky F=P+KX
' N) N}y (metre) .
AC -20 L 2 +20§2 1 -40N
2
CE -202 | 0 22 0 0. —20V2
ED +20 0 2 1 0 +20
DB +60 o4 2 - 60V2 1 +40
= ,
DC +20 _1 2 -20V2 1 0
2
AD -40V2 +1 22 ~ 160 22 -20N2
BC 0 +1 - 22 0 22 +20V2
Y= [160-60V2[ 3+4\2

Thus, we get, Hp = (2x4—-H) = (§—H) «

and

According to minimum energy principle

(a) Let the horizontal reaction at A = H « be taken as redundant.

SM, =0, itgives V, = 4NT and V, = 4N{

U _
vaH = 0




Thus, we get, ) ; Energy Methods
and Applications
oM

M—ds
oH
ZI 2 =0

For the frame given in this problem, value of M in members AB, DC and BC is »
given in Table 11.12.

Table 11.12
Member- | M oM Limits of
oH Integration
AB Hy-y* y Oto4d
DC -B8-Hy=(H-8)y y Otod
BC 4H - 4x - 16 y Otod

For this frame,

4 4 4 .
[ry-ydy + [t1-8)y*dy + 4] @H-4x-16)dx = 0
0 0 0

It gives, H=58N
Thus, H, = 58N« and H;, = 22N« and
Member AB
M = Hy-y
Thus, M, = 0 and Mz = 7.20Nm
For maximisation of M, %ﬂ) :
Itgives,y = 29m and (M), = +841 Nm
Member DC
M = Hy-8y
Thus, MD> =0 and Mo = —88Nm
| Member BC

M= 4H-4x-16
My =+72Nmand M, = -88Nmand

If the point of contraflexure is at x from B, then
(M), = 4H-4x~16 = O which gives x = 1.8 m

Now, after calculating the bending moment ordinates,'we can draw the bending
moment diagram (BMD) as given in Figure 11.33.

Figure 11.33 : Bending Moment Diagram
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(b) Firstly, we consider the one-half portion of the ring ABC as equilibrium. Now

we draw the free body diagram of ABC.

Moment at any sectxon x making an angle 8 with the horizontal is as follows :

M= —-(1 cos 8) — M,

Strain energy stored by the semicircular ring ABC

ﬂ ﬂ

M2ds WR Rd6
U= sz2 Jz [ (1 - cos 8) - M(,] T

We assume M,, as redundant and by the principle of minimum energy, 887U =
) 0

. _ _
WR Rd§ _
Thus, {z[ > (1—c0s9)—M0](—1) =0
WRIE . \_p [B)=
R
J
or, 'M0=—u(n—2)

- BM at sny section, M = ﬂ(1 - Ccos 0)—W—R.(u—2)
2 2Pi

~BMatA,ie. at9=0,

My = OB (-2 Max® - ve]

2n «

. !
BMatB,i.e. at0=5,

My = (+)% [Max™ + ve]
Now at the point of contraflexure, M =0

Thus, (l—cosﬁ)—(l—%)=0

2 (2.
or, cos0 == ie 0 =cos !|=]ie,
. r T

0

Now, after calculating the bending moment ordinates, we can draw the bending

moment diagram (BMD) as given in Figure 11.34.

Figare 11.34 : Bending Moment Diagram

Here, contraction in the length of vertical diameter = 2 % vertical deflection of B.

Again, the strain energy stored by the semi-circnlar part ABC of the ring

RdB WR
2EI ~ 16nEI

[4 + ncos™0 — 47 cos B) =2

ko)
_ W2R?
U_£2x o T m2_8)



Au,ordmg to Castigliano’s Second Theorem, g W ' ; ﬁ‘ﬁ,ﬁ'ﬁf}ﬁﬁ

aUu _ 2WR‘ 2R 2 _g) - WR?
aw 161:51 8nEl

. Vertical deﬂecnon of B = (n*-8)

. Contraction in the length of vertical diameter = ‘J‘_HVR P 1:1;'1_ 8

~ Now, we impose two equal and opposlte horizontal forces H at A and C. So free
body diagram of the semicircular ring is as given in Figure 11 35

T
1
w
) 2
- Flgurell;as:BaﬂﬁgMunemDiagm

Bending moment at any section X making an angle 8 with the horizontal

M=%(l—cose)—M0+HRsme'

oo M=Ra_cos0)- YR n-2)+HRsmo
2 2r
.. Strain energy stored by thc semicircular ring ABC
L7 %
_(MRd®O R .p
‘2I 2E1“E1£Md°

According to Castigliano’s Second Theorem,

. ; . _9U _
Displacement of C relauYe toA = 9H " El I2M (8 H]dé)

U _ 2R

SH=-F [—(l cose)——(n 2)+HRsm6]Rsm9d9

.
Since, 3H - R sin 6]

oU 2R[WR_1
oH = El[z x5 - 2’“’”‘4}

Putting the actual value of H =0, we get
au _ &[_w_k_ WRgn—zz]

oH =~ 4 2r
U WR 7SI
9H = 2mEl

Since, the expansion in the length of horizontal diameter is equal to the
horizontal displacement of C relative to A.

. L WR®
.. Required expansion = mEL 4-r) s
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SAQ 6

Let the horizontal thrust at A and B each = H be taken as redundant.

Here, DM, =0
Itgives V,=25tTandV, =75tT

We know that for framed structures total strain energy is as follows :
: M ds
U= J 2EI
. .. . ol
According to minimum energy principle, H - 0

Thus, we get,

§M-ds

oH '
2 EI =0

For the frame given in this problem value of M in members AB, DC and BC is given
in Table 11.13.

Table 11.13
Member M M Limits of
oH Integration
AD 7o5x%-"-H><’:six=6x—-0.6Hx - 0.6x Ote5
DC 7,5(x+5)%—H(x+5)%_10x%x -0.6(x+5) 0to S
= 30-2x—0.6H (x+5)
BC 25x-§ax—Hx%x= 25— 0.6Hx -0.6x 0to 10

Here the members are of uniform flexural rigidity, i.e. EI = constant.
Thus, we get,.

jM—ds_o

Thus, we get on putting the values

5
[ (- 0.6%) (6x - 0.6Hx) dx + [ (= 0.6) (x +5) [30 - 2x~ 0.6H (x + 5)] dx +
0 ) 0

| = 0.60) (2x- 0.6Hx) dx = 0
[

It gives, H = 4.583 t
Now, we can calculate the bending moment ordinates as follows :
BMatA =M, =0

BMatB = MB = 0
BMatD = M, = 7.5x4- 33 x3 = +1625tm
BMatC = M, = —75x?—10x4-§¥%x6 = -75tm

Now, after calculating the bending moment ordinates, we can draw the bending
moment diagram (BMD) as given in Figure 11.36.
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Figure 11.36 : Bending Moment Diagram

SAQ7

¢ From Table 11.9 of two sets of forces and corresponding displacements, we get
2 PA’ = 5(0.003) + 3 (0.001) + 1 (0.002) — 4 (- 0.001) + 2Ay" = 0.024 + 24y’
2 P’A = 10(0.001) + 4 (0.002) + 5 (0.002) + 2 (0.001) + 1 (0.002) = 0.032

~ According to Betti’s law,
DYDY

Thus,’ 0.024 + 27’ = 0.032
We get, A’y = 0.004 radian
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