. : _ _ o'o  8%0
xample . Using Fourier transform, solve o + £ =0 —wo<x<0,t20
t

satisfying the conditions,
(@ 0= f(x) whent=0,x>0

(..)@_0
11 a0 whent=0,x>0

(iii) O(x,?) and its first three partial derivatives with respect to x tend to zero as x — +u.

Sol. Taking the Fourier transform of both the sides, we have

4 2
]| 29,5 20
ox ot

d’e
- \4
— (—is) F(©)+ 7;2—_ =0

0

= (D? +5*)0=0
AE.is m* +s* =0=>m=+is’
-~ ®=Acoss’t+Bsins® Q)
But we are given that 8 = f(x) when =0
0=71(s)when t=0
Applying this condition in (1) we obtain

F(s5)=A+0A=f(s) ¥l
From the second boundary condition, we have ‘

-a£=0 when =0
ot



1 00 isx isx
— e dx=— | 0-e™dx=0
V2n _£ ot V2n _;[
00
= —=0 whenr=0
ot
Now Differentiating (1) with respect to #, we have
ﬂz —As? sin (s’t)+ Bs? cos CH))
dat
~ 0=0+Bs’1 ..B=0 (ass*=0)y . (3)

Putting the values of A and B from (2) and (3) in the equation (1), we have
0= f(s)coss’t

Again applying the inversion formula, we get

0(x,t)= \/;_7; j 0e " ds
0(x,1)= ﬁ If(s)cos(szt)e_isx ds



Its solution is 7. = Ae"zszl
s (3)

But given that 3(x, 0)=¢™, .. whent=0

(s, 0)=\E j u(x, 0)sin sxdx
To
_ 2% .
u(s, O)=\/: J. e " sinsxdx
T
0
2 s
u(s,0 ——-\/:
(5,0) T 1+s2 (4)

using (4) in (3) when ¢ =(, we get

A=\/z 5
T l+s

— 2 s %
f U, =, [———=e

Now, applying the inverse Fourier sine transform, we have

— 00 "—2— g 2 .
u(x,t)=\/§ f \/— —S—ze 25 sin sx ds
Ty VE 1+s

—2s t

2 [0 0]
——J. sin sxds Ans.
T, (l+s )

du_%u 0<x<l
2. Solveéi:E— 1fu(0,t)=(),u(x,0)={x’ *

u(x, t) is bounded where x> 0,¢>0.
Sol. Given equation is
ou 02

a ot
Taking the Fourier cosine transform of both the sides, we have

2
F { 6u} F, Ou
ot Ox2

A1)



di +5%u, = - 2 (—aﬁj
= dt ¢ m\dx)
= —@-MZEC =0
dt
.. _2
Its solution is u, = 4e™*"* .(2)
x, 0<x<1
But u(x, 0) ={ ; whent =0
0, x>1 :

= i.(s, 0) = £, {u(x, 0)) =\/% [ u(x, 0)cossxdx
0

2 1 ) : 1
=\[: Ixcossxdx =\/: xsmsx+cossx
Tlo L § s? 0
— 2 | sins coss;l
uc(s, 0)"&[ S + Sz ] (3)

using the above condition (3)in (2), we have

2 [sins coss—l]
A= |— + 5
T R) S

.-.(4)
putting the value of A in (2), we get

— 2 |sins coss—1]| _.2
(s, t) = ,/— [S + ]e i
T S 32

Now applying the inverse Fourier cosine transform, we have

u(x, t)= \/% J' u.(s, t)cossxds
0

2

2% (sins coss—1 _s%
=_J' + e " ' cossxds Ans.
n 0 S S



Sol.

Use the method of Fourier transform to determine the displacement
¥(x, t) of an infinite string, given that the string is initially at rest and

that the initial displacement is f(x), —o0 < x < o0 . Show that the solution
can also be put in the form

1
y(x, )= 5[ fx+cet)+ f(x—ch)]
Displacement of the string is governed by one dimensional wave

&’y 0%y
uation —, =¢€ 5
. orr  ox

where y(x, t) is the displacement of string at any time ¢,

» T
—~0<x<0o,t>0 and ¢ =

(1)



A - e =

Taking the Fourier transform of both the sides of equation (1), we have

2 52
ot Ox

2_
- 47 _,
dr?

2—

2(~is)* (s, 1) = —c2s2(s, 1)

whose solution is
Y (s,t)=Acoscst + Bsinc st

Initially the string is at rest i.e.. % =0 at r=0

v
dt )i

differentiating (3) w.r.to ¢, we have

%(3, £)+c?s2 (s, ) =0

FH%HO

——=-Acssincst + Bescoscst

dt

using (3) in (4), we get Bes=0 or B=0

(2) can be written as Y(s, t)= Acoscst

Also at t=0,y=f(x)

Y6 0=Flyn 0] = [ fe™ au = F (5

¥(s, 0)= 7 (s)

at ¢t =

0 from (5) and (6), we get 4= f(s)

Y(s, D)= f(s)coscst

Taking the inverse Fourier transform, we haye

y(x’ t)=

1

———

V2

o o]

J. F(s)coscst ™iss ds

-(2)

(3

(4)

(5

...(6)



0 icst —icst )
ok [ f(s){e Te }e"sxds

_ J‘ f—(s){e‘iS(x—Ct) +e—is(x+ct)}ds

=%{f(x~—ct)+f(x+ct)}

1
J’(x,t)=5[f(x—ct)+f(x+ct)] Ans.
5. Ifthe initial temperature of an infinite bar is given by

fo <
u(x) = U r |x|<a
0 for |x|>a

Determine the temperature at any point x at any instant 7.
Sol. We know that the heat diffusion equation is

Ou 5 o%u
E—C ax_z ...(1)

where u(x, ) is the temperature at any point x and at any instant .
Taking the Fourier transform of both the sides of (1), we get

2
F{a_u} = 2 Ou
Ot ax?
i

du _
= —= —c%5%y
dt
C . —c25%
whose solution is 7 = Ae .(2)

Uy, |x|<a
But given that when 1 =0, u(x, 0)= f(x)={ ° %1
0, |x|>a

u(s, 0) = F [u(x, 0)]

1 )y isx 1 y isx
= u(x,0)e” "dx = — J- uge” " dx
J2n _o'[ NpX

-a



_ Uy _1_ ,-sx]" _ Uy isa _ _-isa
u(s’o)—\/i;c-is[e —a IS 21t(e © )

U . 2 sinas
=—39 2sinas= 1}—uo
S27 | S

(s, 0) = —2—u0 ot
YL

-(3)

S

Now at ¢ = 0, using (3) in (2) we get A= \/—z Uy Sinas (4)
n )

_ 2 Unsinas _g252
u=__0 ecst
du S

now taking inverse Fourier transform, we get

oo}

|

u(x, ) =—F— j #(s, t)e " *ds
2n
1 % |2 sinas _2s% -
= \[_:uo e C S e s
2n VW Ky

St (cossx —isinsx)ds

0 .
_% j sinas e_c2 2
—00

2uy ¢ sinas _g2g2
== j e ¢ ¥ cossxds
T )
0
(by definition of odd/even function)
g © e—czszt . .
= u(x, )= - j : [sin (a + x)s + sin(a — x)s]ds Ans

0
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